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Abstra
tAn interval 
oloring of a graph G is a proper 
oloring of E(G) by positive integers su
hthat the 
olors on the edges in
ident to any vertex are 
onse
utive. A (3; 4)-biregular bigraphis a bipartite graph in whi
h ea
h vertex of one part has degree 3 and ea
h vertex of theother has degree 4; it is unknown whether these all have interval 
olorings. We prove that Ghas an interval 
oloring using 6 
olors when G is a (3; 4)-biregular bigraph having a spanningsubgraph whose 
omponents are paths with endpoints at 3-valent verti
es and lengths inf2; 4; 6; 8g. We provide suÆ
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another s
enario: a s
hool wishes to s
hedule parent-tea
her 
onferen
es in time slots so that everyperson's 
onferen
es o

ur in 
onse
utive slots. A solution exists if and only if the bipartite graphwith verti
es for the people and edges for the required meetings has an interval 
oloring.In the 
ontext of edge-
olorings, and parti
ularly edge-
olorings of bipartite graphs, it is 
om-mon to 
onsider the general model in whi
h multiple edges are allowed. In this paper, we adoptthe 
onvention that \graph" allows multiple edges, and we will expli
itly ex
lude multiple edgeswhen ne
essary (a simple graph is a graph without loops or multiple edges).All regular bipartite graphs have interval 
olorings, sin
e they have proper edge-
olorings inwhi
h all 
olor 
lasses are perfe
t mat
hings. Not every graph has an interval 
oloring, sin
ea graph G with an interval 
oloring must have a proper �(G)-edge-
oloring [3℄. Furthermore,Sevastjanov [15℄ proved that determining whether a bipartite graph has an interval 
oloring is NP-
omplete. Nevertheless, trees [9, 12℄, 
omplete bipartite graphs [9, 12℄, \doubly 
onvex" bipartitegraphs [12℄, grids [7℄, and simple outerplanar bipartite graphs [8, 4℄ all have interval 
olorings.Giaro [6℄ showed that one 
an de
ide in polynomial time whether bipartite graphs with maximumdegree 4 have interval 4-
olorings.An (a; b)-biregular bigraph is a bipartite graph where the verti
es in one part all have degree aand the verti
es in the other part all have degree b. Hansen [9℄ proved that (2; b)-biregular bigraphsare interval 
olorable when b is even. This was extended to all b by Hanson, Loten, and Toft [11℄and independently by Kosto
hka [13℄. Kamalian [12℄ showed that the 
omplete bipartite graphKb;a has an interval 
oloring using t 
olors if and only if a + b � g
d(a; b) � t � a + b � 1, whereg
d denotes the greatest 
ommon divisor. Asratian and Casselgren [1℄ showed that re
ognizingwhether (3; 6)-biregular bigraphs have interval 6-
olorings is NP-
omplete.It is unknown whether all (3; 4)-biregular bigraphs have interval 
olorings. Hanson and Loten [10℄proved that no (a; b)-biregular bigraph has an interval 
oloring with fewer than a + b � g
d(a; b)
olors; thus (3; 4)-biregular bigraphs need at least 6 
olors. An X; Y -bigraph is a bipartite graphwith partite sets X and Y . In our (3; 4)-biregular X; Y -bigraphs, the verti
es of X will have de-gree 3. Pyatkin [14℄ proved that if a (3; 4)-biregular bigraph has a 3-regular subgraph 
overing theverti
es of degree 4, then it has an interval 6-
oloring.Here we obtain another suÆ
ient 
ondition for the existen
e of an interval 6-
oloring of a(3; 4)-biregular X; Y -bigraph G: If G has a spanning subgraph whose 
omponents are paths withendpoints in X and lengths in f2; 4; 6; 8g (we 
all this a proper path-fa
tor of G), then G has aninterval 6-
oloring. A longer proof of this was found earlier by Casselgren [5℄.We present in�nitely many (3; 4)-biregular bigraphs that have proper path-fa
tors but do notsatisfy Pyatkin's 
ondition. On the other hand, (3; 4)-biregular bigraphs with multiple edges need2



not have proper path-fa
tors, even if they satisfy Pyatkin's 
ondition. For example, 
onsider thegraph formed from three triple-edges by adding a 
law; that is, the pairs xiyi have multipli
itythree for i 2 f1; 2; 3g, and there is an additional vertex x0 with neighborhood fy1; y2; y3g. A3-regular subgraph 
overs fy1; y2; y3g, but there is no proper path-fa
tor. Therefore, neither ourresult nor Pyatkin's result implies the other.Various diÆ
ulties disappear when multiple edges are forbidden. We have found no simple(3; 4)-biregular bigraph that does not have a proper path-fa
tor. We 
onje
ture that every sim-ple (3; 4)-biregular bigraph has a proper path-fa
tor. In Se
tion 3 we present various suÆ
ient
onditions for the existen
e of a proper path-fa
tor in su
h a graph.2 Interval 6-Colorings from Proper Path-Fa
torsIn general, an H-fa
tor of a graph is a spanning subgraph whose 
omponents lie in H. We areinterested in a parti
ular family H. Let dH(v) denote the degree of a vertex v in a graph H.De�nition 1. A proper path-fa
tor of a (3; 4)-biregular X; Y -bigraph G is a spanning subgraph ofG whose 
omponents are paths with endpoints in X and lengths in f2; 4; 6; 8g.Hen
eforth let G be a (3; 4)-biregular X; Y -bigraph. Given a proper path-fa
tor P of G, letQ = G�E(P ). Observe that dQ(y) = 2 for all y 2 Y . Furthermore, dQ(x) = 2 if x is an endpointof a 
omponent of P , and dQ(x) = 1 if x 2 X and x is an internal vertex of a 
omponent of P .Thus every 
omponent of Q is an even 
y
le or is a path with endpoints in X.De�nition 2. Given a proper path-fa
tor P of G, the P -graph of G, denoted GP , is the graphwith verti
es fx 2 X : dP (x) = 2g having xi and xj adja
ent when any 
ondition below holds:(a) xi and xj are verti
es of degree 2 in one 
omponent of P with length 6, or(b) xi and xj are verti
es of degree 2 at distan
e 4 in one 
omponent of P with length 8, or(
) xi and xj are verti
es of degree 1 in one 
omponent of Q.Lemma 3. If P is a proper path-fa
tor of G, then GP is bipartite.Proof. Every vertex of GP has exa
tly one in
ident edge of type (
). Some verti
es have one moreneighbor, via an edge of type (a) or (b). Thus �(GP ) � 2. Furthermore, the edges along any pathor 
y
le in GP alternate type (
) with type (a) or (b). Thus GP has no odd 
y
le. 2We say that a 
olor appears \at" a vertex if it appears on an edge in
ident to that vertex.Theorem 4. If G has a proper path-fa
tor, then G has an interval 6-
oloring.3



Proof. Let P be a proper path-fa
tor of G. Let 
 be a proper 2-
oloring of V (GP ) with 
olorsA and B. We de�ne a 6-
oloring of E(G) that we will show is an interval 
oloring. Edges of Pre
eive 
olors from f1; 2; 5; 6g; edges of Q re
eive 
olors from f3; 4g.First we 
olor E(Q). Properly 
olor 
y
les arbitrarily using 
olors 3 and 4. A 
omponent of Qthat is a path has both endpoints in GP , and they are adja
ent in GP . Hen
e 
(x) = A for oneendpoint x of the path, and 
(x0) = B for the other endpoint x0. Alternate 
olors along the path,starting with 
olor 3 on the edge at x and ending with 
olor 4 on the edge at x0. Colors 3 and 4both now appear at every vertex of G having degree 2 in Q.The edges of every 
omponent of P are 
olored by alternating 2 and 1 (starting with 2) fromone end, and alternating 5 and 6 (starting with 5) from the other end. We must spe
ify whi
hend is whi
h and where to swit
h from using one pair of 
olors to using the other. The 
hoi
e isbased on the 
olors that 
 assigns to the internal verti
es of the path that lie in X, as illustratedin Figure 1. Those verti
es all have degree 1 in Q; they appear in V (GP ) and have 
olors under 
.
XY � � � � �2 1(5) 2(6) 5A(B) � � � � � � �2 1 2 5 6 5A BXY � � �2 5 � � � � � � � � �2 1 2 565A A(B) B1(5) 2(6)

Figure 1: Coloring the edges of PLet H be a 
omponent of P . If H �= P3, then we assign 2 and 5 to the edges arbitrarily. IfH �= P5 with middle vertex x, then it does not matter whi
h end edge gets 
olor 2 and whi
h gets
olor 5, but the middle edges get 
olors 1 and 2 if 
(x) = A, 5 and 6 if 
(x) = B. If H �= P7, thenthe internal verti
es are adja
ent in GP and re
eive distin
t 
olors under 
; use 2; 1; 2 from the end
losest to the one 
olored A and 5; 6; 5 from the end 
losest to the one 
olored B. If H �= P9, thenthe internal verti
es at distan
e 4 on the path again are adja
ent in GP , and the three edges fromea
h end are 
olored in the same way as for P7. The two 
entral edges are 
olored like the middleedges of P5, based on the 
olor under 
 of the 
entral vertex of the path.We 
he
k that the resulting 6-edge-
oloring is an interval 
oloring. Ea
h vertex of Y has 
olors3 and 4 on its in
ident edges in Q and re
eives f2; 5g or f1; 2g or f5; 6g on its in
ident edges in P ,4



forming an interval in ea
h 
ase. Ea
h endpoint of a 
omponent of P has 
olors 3 and 4 from Qand re
eives 
olor 2 or 5 from P . Ea
h internal vertex x of a 
omponent of P re
eives 3 from Qand f1; 2g from P if 
(x) = A, while it re
eives 4 from Q and f5; 6g from P if 
(x) = B. 2This te
hnique does not extend to arbitrary path and 
y
le fa
tors. We swit
h from 1; 2-alternation to 5; 6-alternation only on
e along a path in P and 
annot swit
h ba
k. Thus we needthat along any path of P , the internal verti
es with 
olor A under 
 all pre
ede those with 
olor B.With longer paths, our te
hnique o�ers no me
hanism for a
hieving this; the graph GP 
an onlyenfor
e that verti
es re
eive di�erent 
olors under 
. Introdu
ing more edges into GP to preventalternation of A and B along the path destroys the 2-
olorability of GP .3 Constru
tions and Conditions for Proper Path-Fa
torsTo apply the theorem, we seek proper path-fa
tors of (3; 4)-biregular bigraphs. Here we will givesome suÆ
ient 
onditions for existen
e of proper path-fa
tors and provide some examples relatedto Pyatkin's 
ondition.We 
all a 3-regular subgraph of a (3; 4)-biregular bigraph that 
overs the verti
es of degree4 a full 3-regular subgraph. Pyatkin proved that a (3; 4)-biregular bigraph with a full 3-regularsubgraph has an interval 6-
oloring. We begin with an example that satis�es our 
ondition butnot Pyatkin's 
ondition. Let [n℄ = f1; : : : ; ng.Example 1. The X; Y -bigraph G de�ned by letting X and Y be the 3-sets and 2-sets in [6℄, withadja
en
y de�ned by proper 
ontainment, has an interval 6-
oloring. By Theorem 4, it suÆ
es to�nd a proper path-fa
tor. In fa
t, G has a P7-fa
tor as shown below.124! 12! 123! 23! 235! 35! 345135! 13! 134! 34! 346! 46! 456146! 14! 145! 45! 245! 25! 256125! 15! 156! 56! 356! 36! 236136! 16! 126! 26! 246! 24! 234Here jXj = 20 and jY j = 15, with Y 
orresponding to the edge set of K6. The neighborhood ofa vertex in X 
orresponds to a triangle in K6. Hen
e �ve verti
es 
an be deleted from G to leavea full 3-regular subgraph if and only if K6 de
omposes into �ve triangles. It does not, be
ause theverti
es of K6 have odd degree. 25



We next 
onstru
t in�nitely many examples that satisfy our 
ondition but not Pyatkin's, start-ing with a graph smaller than that of Example 1.Example 2. The smallest simple (3; 4)-biregular bigraph is K3;4; it satis�es Pyatkin's 
ondition.The next smallest su
h graphs have eight verti
es of degree 3 and six of degree 4. For example,
onsider an X; Y -bigraph where Y = [6℄ and the neighborhoods of the verti
es in X are eighttriples from [6℄, with ea
h element used in four triples. The graph fails Pyatkin's 
ondition if andonly if the triple system does not have two disjoint triples.Case analysis shows that it is not possible to avoid two disjoint triples without a repeatedtriple. However, it is possible using a repeated triple, as in f123; 124; 235; 346; 346; 145; 156; 256g.The resulting (3; 4)-biregular bigraph has a P7-fa
tor as shown in bold in Figure 2. 2� � � � � � �1 2 3123 124 235 346 � � � � � � �4 5 6346 145 156 256 XYFigure 2: P7-fa
tor in a bigraph with no full 3-regular subgraphUsing the next lemma, we 
an generate in�nitely many examples that have P7-fa
tors but haveno full 3-regular subgraphs. The number of verti
es 
an be any nontrivial multiple of 7. Heremultiple edges are allowed.Lemma 5. For i 2 f1; 2g, let Gi be a 2-edge-
onne
ted (3; 4)-biregular bigraph having a P7-fa
torFi, and 
hoose ei 2 E(Gi)�E(Fi). Let G be the (3; 4)-biregular bigraph obtained from the disjointunion of G1 and G2 by deleting e1 and e2 and repla
ing them with two other edges e01 and e02joining their endpoints. If G1 has no full 3-regular subgraph, then G is a larger 2-edge-
onne
ted(3; 4)-biregular bigraph having a P7-fa
tor but no full 3-regular subgraph.Proof. Sin
e ei =2 E(Fi), the subgraph F1[F2 is a P7-fa
tor ofG. Sin
e ea
h Gi is 2-edge-
onne
ted,G is 
onne
ted. Also, a 
y
le through ei in Gi 
an detour through G3�i using e01 and e02. Thus Gis 2-edge-
onne
ted.Suppose that G has a full 3-regular subgraph H. By 
onsidering vertex degrees, H must havean even number of edges in fe01; e02g. If H uses neither, then H restri
ts to full 3-regular subgraphsof G1 and G2. IfH uses both, then repla
ing e01 and e02 with e1 and e2 yields full 3-regular subgraphsof G1 and G2. 26



If G1 and G2 in Lemma 5 have no multiple edges, then neither does the resulting graph G.Our next theorem gives a suÆ
ient 
ondition for existen
e of a proper path-fa
tor in a (3; 4)-biregular bigraph. First we note an easy lemma.Lemma 6. Every (2; 4)-biregular bigraph H has a (1; 2)-biregular fa
tor with every 
omponentisomorphi
 to P3. (Indeed, H de
omposes into two su
h fa
tors.)Proof. Ea
h 
omponent of H is Eulerian and has an even number of edges. Taking the even-indexed edges from an Eulerian 
ir
uit in ea
h 
omponent takes half the edges from ea
h vertex.Thus it yields a spanning subgraph in whi
h every vertex of one partite set has degree 1 and everyvertex of the other has degree 2. Hen
e ea
h 
omponent of the subgraph is isomorphi
 to P3. 2Theorem 7. A (3; 4)-biregular bigraph G has a P7-fa
tor (and hen
e an interval 6-
oloring) if Ghas a (2; 4)-biregular subgraph 
overing the set of verti
es of degree 3.Proof. Let G have bipartition X; Y , where jXj = 4k and jY j = 3k. Let H be a (2; 4)-biregularsubgraph of G 
overing X; we obtain H from G by deleting verti
es u1; : : : ; uk of Y that havedisjoint neighborhoods. Let Ŷ = fu1; : : : ; ukg and Y 0 = Y � Ŷ , so H has bipartition X; Y 0.By Lemma 6, H has a spanning subgraph F whose 
omponents are 
opies of P3 with endpointsin X. Let T1; : : : ; T2k be these paths. Index X so that V (Ti) = fx2i�1; yi; x2ig (we maintain the
exibility to de
ide later whi
h end is x2i�1 and whi
h is x2i).Next we obtain from G�Y 0 a graph H 0 by 
ombining the endpoints of ea
h path Ti into a singlevertex x0i. Sin
e G � Y 0 is a (1; 4)-biregular X; Ŷ -bigraph, H 0 is a (2; 4)-biregular X 0; Ŷ -bigraph,where X 0 = fx01; : : : ; x02kg. Note that multiple edges may arise in H 0.For ea
h of the k verti
es of Ŷ , we 
onstru
t a path of length 6 in G with endpoints in X. ByLemma 6, H 0 has a spanning subgraph F 0 whose 
omponents are 
opies of P3 with endpoints inX 0. For u 2 Ŷ , let x0i and x0j be the neighbors of u in F 0. Thus in G the vertex u is adja
entto one endpoint of Ti and one endpoint of Tj. We may 
omplete the indexing of X so thatthese neighbors of u are x2i 2 V (Ti) and x2j�1 2 V (Tj). The path we asso
iate with u is thenhx2j�1; yi; x2i; u; x2j�1; yj; x2ji, isomorphi
 to P7.We 
he
k that these paths are pairwise disjoint. Ea
h uses exa
tly one vertex of Ŷ . Sin
e F 0has exa
tly one edge in
ident to ea
h vertex of X 0, for ea
h i the verti
es of Ti o

ur in exa
tlyone of the paths. Hen
e these paths form a P7-fa
tor, and Theorem 4 applies. 2We now return to simple (3; 4)-biregular bigraphs. Although the examples 
onstru
ted so far inthis se
tion all have P7-fa
tors, Casselgren [5℄ found a simple (3; 4)-biregular bigraph with no P7-fa
tor. We 
onje
ture that every simple (3; 4)-biregular bigraph has the weaker property of having7



a proper path-fa
tor. It should also hold that Pyatkin's 
ondition guarantees the existen
e of aproper path-fa
tor in a simple (3; 4)-biregular bigraph, but this also seems diÆ
ult. We present a
ondition that guarantees a proper path-fa
tor when 
ombined with Pyatkin's 
ondition.Let G be a simple (3; 4)-biregular X; Y -bigraph having a full 3-regular subgraph H. Sin
ejXj = 4k and jY j = 3k for some k, we may let X 0 = X \ V (H) and X0 = X � X 0, whereX0 = fx01; : : : ; x0kg. Sin
e H is 3-regular, H has a proper 3-edge 
oloring. Fix su
h a 
oloring 
,and let H 0 be the spanning subgraph of H whose edges are those with 
olor 1 or 2 under 
. De�nean auxiliary graph F with vertex set Y by putting yiyj 2 E(F ) if H 0 has a yi; yj-path of length 2.Note that F may have multiple edges and is 2-regular, sin
e ea
h vertex of Y has one in
ident edgewith ea
h 
olor under 
. Sin
e G is simple, the 
omponents of F are 
y
les of length at least 2.Sin
e G is (3; 4)-biregular, the neighborhoods of the verti
es of X0 partition Y into triples; letTi = NG(x0i ) = fy1i ; y2i ; y3i g. Let T denote the family T1; : : : ; Tk.De�nition 8. For families of disjoint triples, we de�ne a transversal to be a set S having exa
tlyone element from ea
h triple. For a family T de�ned on the verti
es of a 2-regular graph F , anindependent transversal is a transversal S that is an independent set in F . A spread transversal isa transversal S su
h that, given dire
tions on the 
y
les of F , for every vertex v of F that doesnot belong to S, there is a vertex of S among the next three verti
es after v along the forwarddire
tion of its 
y
le in F . Let F � be the 4-regular graph obtained from F by adding triangleswhose vertex sets are the triples of T. A mixed transversal is a transversal that restri
ts on ea
h
omponent of F � to an independent transversal or a spread transversal.Note that a spread transversal interse
ts ea
h 
y
le of F .Theorem 9. Let G be a simple (3; 4)-biregular X; Y -bigraph having a full 3-regular subgraph H,and let F and T be the 2-regular graph and triple system de�ned as above. If T has a mixedtransversal, then G has a proper path-fa
tor.Proof. Let 
 be a proper 3-edge-
oloring of H, and let M be the perfe
t mat
hing in 
olor 1. Theith triple in T is fy1i ; y2i ; y3i g; we may let y1i be the vertex of Ti in the mixed transversal Y1. LetY2 = fy21; : : : ; y2kg and Y3 = fy31; : : : ; y3kg. For x 2 X 0 = X�X0, put x 2 Xj if the other endpoint ofthe edge of M at x lies in Yj, and write x as xji if that neighboring vertex is yji . Sin
e ea
h vertexof Y has one neighbor via M , we have labeled X so that X 0 = fxji : 1 � i � k and 1 � j � 3g.We 
onstru
t a proper path-fa
tor of G, dealing separately with ea
h 
omponent C of F �. FromC we generate paths in G that together 
over V (C), the neighbors of V (C) viaM , and the verti
esof X0 whose neighborhoods lie in V (C). The 
onstru
tion depends on whether the restri
tion of8



T to C has an independent transversal or a spread transversal. For simpli
ity of notation, wedes
ribe the 
onstru
tion in the 
ase that F � is 
onne
ted. In the general 
ase, V (C) is the unionof Ti for i in some subset of f1; : : : ; kg, and the 
onstru
tion in Case 1 or Case 2 
overs all verti
esin Ti [ fx0i ; x1i ; x2i ; x3i g for ea
h su
h index i.Case 1: Y1 is an independent transversal. We spe
ify k paths of lengths 4, 6, or 8, ea
h
ontaining one vertex of X0. Consider the paths hx2i ; y2i ; x0i ; y3i ; x3i i for 1 � i � k. These paths aredisjoint and 
over V (G)�(X1[Y1). The 2k endpoints of these paths form X2[X3. Ea
h vertex y1iof Y1 has one in
ident edge y1i x having 
olor 2 under 
. Sin
e Y1 is an independent transversal, thisneighbor x lies in X2 [X3, not in X1. Extend the original path of length 4 ending at x by addingxy1i and y1i x1i . Altogether there are k su
h extensions to absorb Y1[X1. Ea
h of the original pathsextends by zero or two edges at ea
h end, so we have the fa
tor using paths of the desired lengths.Case 2: Y1 is a spread transversal. Again ea
h path 
ontains one vertex of X0, but now wemay also use length 2. Spe
ify an orientation of ea
h 
y
le in F , and delete the in
oming edgeto ea
h vertex of Y1. Sin
e Y1 is a spread transversal, ea
h 
y
le is 
ut, and what remains of F
onsists of k disjoint paths P1; : : : ; Pk, starting at y11; : : : ; y1k, respe
tively, ea
h with length at most3. By the de�nition of G, ea
h edge in Pi expands to a path of length 2 in G having edges of 
olors1 and 2 under 
, yielding paths of even length (at most 6) ending in Y2 [ Y3. If some Pi ends aty 2 Y2 [ Y3, then the neighbor of y in M is not 
overed by any of these paths. Thus extendingea
h path Pi by adding x0i y1i at the beginning and the edge yx of M at the end yields k disjointpaths of lengths in f2; 4; 6; 8g that 
over V (G). 2This method for �nding proper fa
tors is robust, sin
e any proper 3-edge-
oloring of H andany indexing of its 
olors 
an be used. Care is needed, sin
e there exist 2-regular graphs F andtriple systems T where no mixed transversal exists, as shown in our �nal example.Example 3. First we 
onstru
t F1 with no independent transversal. Let k1 be a multiple of 6,and let F1 
onsist of k1=2 
y
les of length 4 and k1=3 
y
les of length 3. Name the 4-
y
les as[y12i�1; y12i; y22i�1; y22i℄ for 1 � i � k1=2. Name the 3-
y
les as [y36i�3; y36i�1; y36i+1℄ and [y36i�4; y36i�2; y36i℄for 1 � i � k1=6 (with yk1+1 = y1). An independent partial transversal has at most one vertex inea
h 
y
le, and hen
e the largest independent partial transversal has at most k1=2+k1=3 elements.Next we 
onstru
t F2 with no spread transversal; for 
larity, we use verti
es zji instead of yji .Let k2 be a multiple of 2, and let F2 
onsist of 3k2=2 
y
les of length 2. Name the 2-
y
les as[z1i ; z2i+1℄ for 1 � i � k2 (where zk+1 = z1) and [z32i�1; z32i℄ for 1 � i � k2=2. A transversal has onlyk2 elements, but a spread transversal must have an element in ea
h of the 3k2=2 
y
les.Both F �1 and F �2 are 
onne
ted graphs. To 
onstru
t an example with no mixed transversal,9



we start with disjoint 
opies of F1 and F2, with k1 = 12 and k2 = 8. Ex
hange vertex y11 in F1 forz11 in F2. This 
reates a new graph F su
h that F � is 
onne
ted; hen
e a mixed transversal mustbe an independent transversal or a spread transversal. A transversal 
an 
over at most 11 of the2-
y
les from F2 and thus 
annot be spread. On the other hand, at most 11 verti
es of F1 
an be
hosen for an independent transversal, sin
e at most one vertex from ea
h 3-
y
le and 4-
y
le 
anbe sele
ted. We 
on
lude that there is no mixed transversal. 2Referen
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