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Abstract

This paper considers modeling atherogenesis, the ioitiati atheroscle-
rosis, as an inflammatory instability. Motivated by the dse paradigm
articulated by Russell Ross, atherogenesis is viewed adlamimatory spi-
ral with positive feedback loop involving key cellular anldeenical species
interacting and reacting within the intimal layer of musouérteries. The
inflammation is modeled through a system of nonlinear readtiffusion-

convection partial differential equations. The inflammmga&piral is initiated
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as an instability from a healthy state which is defined to beaunlibrium
state devoid of certain key inflammatory markers. Diseaigiation is stud-
ied through a linear, asymptotic stability analysis of altimgaequilibrium
state. Various theorems are proved giving conditions otesyparameters
guaranteeing stability of the health state and conditionsystem parame-
ters leading to instability. Among the questions addre@séle analysis is
the possible mitigating effect of anti-oxidents upon traos to the inflam-

matory spiral.

keywordsatherosclerosis, atherogenesis, chemotaxis, stahilglysis, energy es-
timate
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1 Introduction

Mathematical models have a signiffcant role to play in ustierding the struc-
ture, functioning, evolution and diseases of the cardiowias system. Moreover,
formulating, simulating and analyzing such models offeraatvarray of chal-
lenges. (See [14] for an interesting survey on the subjddti$ article is a con-
tinuation of a program to develop, analyze and simulate emattical models of
atherosclerosis initiated by the authors in [9].

Atherosclerosis is a very complex chronic disease of theriafttsystem with
many manifestations and many routes to initiation and @®gjon [4, 13, 15, 16,
17]. Biochemical, genetic, mechanical and pathogeni®faatonspire to initi-

ate and promote the disease. The focus of [7] and the presetitution is the



role played by inflammation in atherogenesis [16, 15, 5].sTikinot to suggest
that genetic, mechanical and pathogenic factors are unmtangoor are subordi-
nate to the inflammatory processes considered herein a®flamfl [7]. Account
is taken of them through parameters in the equations stumdikxv that model a
particular inflammatory cycle thought to play a fundamert#d in atherogenesis.
Histology of the arterial wall also plays an important raieatherosclerosis. His-
tological details depend upon the basic arterial type {ielasteries vs muscular
arteries), artery location, age as well as disease initiakenges such as adap-
tation and remodeling (from chronic hypertension, for eglenpand degradation
(inflammation induced medial diminution, for example). %] pnd the present
study, attention is focussed is upon the inner most laydreétterial wall, the tu-
nica intima since the very beginning stages of atherossieaye largely confined
to this layer.

The first extension to the analysis in [9] given by the auttappgears in [7]
where we used an energy estimate to analize the stabilitynob@del of athero-
genesis that focused on only four species involved in thanmihatory process,
and which considered the interplay between viable and afioptnmune cells.
Herein, we consider an extended model that includes theablew density
lipoprotiens (LDL) in both a native and chemically modifiedts (oxLDL), as
well as reactive oxygen species (referred to throughoufras-radicals”) present
in the subintimal layer. Anti-oxident effects are also aauced through a param-
eter. While these species were considered as part of thearigodel proposed
by the authors in [9], they were ignored in the numerical analdical studies

appearing in [9], [8], and [7].



The inflammatory process modeled in [9] involved the follogvingredients:
two cellular species (smooth muscle cells and macrophadgsg&)n debris (necrotic
cells, lipid core of foam cells, smooth muscle céllaihd three molecular species
(low density lipoproteins, chemically modified LDL, a cheal signally species).
Each of the cellular and molecular species are to be viewadpssentative of
large classes of cells or molecules exhibiting the funa@ioasponse attributed to
the respective representative. For example, while a numbEnmune system
cells play a role in the in ammatory processes occurringhguatherogenesis, the
monocyte derived macrophages are probably the dominaygnslan the creation
of the lipid laden foam cells that collect in the lipid richreocof atherosclerotic
plagues. Hence to simplify the model, macrophages are theimmune sys-
tems cells included in the modeling. Similarly, the LDL sigscshould be viewed
as a generic representative of a large class of lipid moéscahd oxLDL as a
generic representative from the corresponding class afslifhat have been oxi-
dized (chemically modified) by free radicals.

The point of view articulated in [15] and motivating the mbdeopted in
[9] is that atherosclerotic plaques form as a consequenckrofic inflammation

sustained through a positive inflammatory feedback [dép 15, 5, 6] The heart

1We note here that "debris” is applied in perhaps a noncoiwealtway. We do not mean to say
that the material we are calling debris is an inert byprodéisome other process that plays no roll
other than occupying space. In fact, as will be seen in th@emaatical model to follow, debris—
more precisely lesion debris—is an active species padirig in the inflammatory feedback loop.
Having used the term “debris” for this species in the presiawrks [9, 8, 7], we will herein

following this convention.



of this disease paradigm consists of the following procéssients. Through
various means such as shear stressgplprtion of the endothelial layer of a mus-
cular arterial wall develops a "leaky” spot permitting decated transport of LDL
(and other macromolecular species) through the endotheliger into the intima
where they tend to concentrate due to the difficulty of furfhesssage through the
inner elastic lamina into the media2]. Simultaneously, monocytes also enter the
intima in response to chemical signaling from an initiatingammatory reaction
(possibly due to viral or bacterial insult, for example) [1The LDL is eventu-
ally chemically modified byeactive oxygen species (typically referred to as free-
radicals)produced through natural metabolic processes occurringrious cel-
lular species within the arterial wall (e.g. smooth mus@ksg endothelial cells,
fibroblasts, etc). Macrophages have an affinity for the oxltBdulting from this
chemical modification process (Indeed, there is strongraxieatal evidence that
macrophages exhibit positive chemotactic sensitivityhtese oxLDL species.),
eventually becoming foam cells (i.e., macrophages engorgeh oxLDL parti-
cles). These engorged macrophage derived foam cells arengerl capable of
doing their customary job of removing the debris producedhayinflammatory
processes; in fact they become components of the growimgnlekebris. The

growing lesion debris produces various chemical signaperies that attract ad

ditional macrophages to the lesion site which then get tqued” by the oxLDL

species resulting in a chronic inflammatory splde, 15, 6] Another aspect of
plaque growth modeled in [9] involves the recruitment (\iamical signaling) of
smooth muscles to the lesion site and their role in formingugyi cap to isolate

the lesion from healthy tissue and the lumen. However, dinisas characteris-
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tic of the latter stages of the disease process, we do notdasrthis process at
present.

A number of important issues were not addressed in [9] inclydhow to
model plague growth with significant luminal occlusion ammvhto determine
under what conditions the runaway inflammatory/plaque gi@piral occurs and
conversely under what conditions the natural defense nmésing of the body
prevent it. The latter question is the subject of [7] and tresent paper.

The perspective taken in [7] and extended herein on ther Igtiestion is
that it is one of stability of the nonlinear reaction-diffois-chemotaxis system
used to model the inflammatory processes initiating atloézostic plaque growth.
More specifically, the question investigated is whethetawerequilibrium states
of the the governing system of nonlinear partial differah&équations, referred
to as "healthy states”, are linearly, asymptotically stabThese healthy states
are characterized by the absence of inflammatory markerghwh the con-
text of the model described above, correspond to equilibstates in which the
macrophage, debris and chemical signal species are at saseelibe level in
the intimal layer that is commensurate with normal immunefion. As stated,
the results presented here differ from those obtained ira§7jve account here
for LDL, oxLDL, and free-radical interaction and reactioms addition, we con-
sider herein both a closed system—in which boundary tramgjo the intima
via the endothelial layer) is not allowed—and a more raalsststem allowing for
boundary transport of some species. For the latter casmatieematical methods
employed in [7] are adapted to account for the increasedenatical complexity

introduced.



2 Mathematical Model

The model for atherogenesis of interest here tracks theigoolof six generic
"species” which are major contributors to the initial stagd atherosclerosis.
These species are generic in that they are representatilasses of factors
contributing to the inflammatory processes leading to disaaitiation. In this
spirit, these representative species are given the lalo@hsune cells (principally
macrophages), debris (developing lesion), chemo-astnaatative LDL, oxidized
LDL and free radicals, and denot&dD, C, L,L,., andR, respectively.

The governing equations for this simplified model are of tenf.

7
%t = div(mVI) — div (x(Z,C)VC) — dnT —
— a15TLoy — a12ID + Mey (1)
oD :
E = dw (/LQVD) + CwIEOI — agllD — dQQD (2)
ac
a = div (MgVC) + pgzp — &3161— — dggc (3)
aa—f = dw (,U4V[,) - a46£R + b4on7“4[,0x (4)
aggw = div (/Lg,V[,ox) + 046['7?/ — onT4£0x — waﬁox (5)
%—7: = div (gVR) — bigLR — bgAws R + pr. (6)

Here,div andV denote the usual divergence and gradient operators. Tlousar
terms appearing on the right side of these equations regoime discussion.
The term—x(Z,C)VC in equation (1) is the portion of immune cell flux due

to chemotaxis, and the coefficieqtZ,C) is the chemotactic sensitivity. The

2In the classical Keller-Segal model for dictyostelium disieum, for exampley(Z,C) has

the formx(Z,C) = Z/C [11]. At present, there is no need to specify a particulamféor x(Z,C).
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term d,1Z represents natural turnover of immune cells. The two ter{ys.L,,,
anda;2ZD in (1) give the rate at which the macrophage population ismdshed
through foam cell formation ( through binding with oxidize®L), and through
normal immune function. The latter, for example, could beoanted for by
viable macrophages binding with debris for eventual prsicgsin the liver? Fi-
nally, in the stability analyses that follow, we will be cahesring a perturbation
off of a constant level of macrophages. In essence, we akinigat a small time
window. The termM¢, in (1) represents a base line level of immune cells present.
In general, M ¢, could depend on the level of chemo-attractant, especialiyea
boundary where trasport across the endothelial layer canro®Ve can assume
that over the time scales of interest, the value is conshass transport through
the endothelial layer will be considered in a later section.

The termbsZ L, appearing in equation (5) represents conversion of oxidize
LDL into foam cells. The balance of mass is captured-R¥ L,, which appears
in equation (2); thus we havg; = a5 + b15. The termay, ZD is the rate at which

debris is removed by uncorrupted macrophages wWBhi® is a natural turnover

3How to model the various "reaction” terms in the governingatipns is a significant issue.
Classical "mass action” kinetics is adopted here mostlyilfostrative purposes. However, the
coefficients are not assumed to be constants; rather théyraatons of the reacting or interacting
species and can capture saturation effects in the reaeties, for example. For the stability results
considered here, it is not necessary to adopt specific foomthé reaction rates. However, one
must specify values for the reaction rates at a healthy stateder to apply the stability results to
any particular concrete setting. Naturally, specific foforsthe coeficients are required in order
to prove the existence of or find healthy (equilibrium) ssate particular, this is done below for

the special case of constant reaction coefficients.



rate for debris.

In (3), p32D is the rate at which chemo-attractant is produced by theresi
debris, whileas;,CZ is the rate by which the chemo-attractant concentration is
diminished by binding with macrophages. The tefggC is a natural chemical
degredation rate for the chemo-attractant.

In (4), (5), and (6)a4 LR andb LR are the rates at which the native LDL
and free radical concentrations are diminished by freeceddixidation of the na-
tive LDL (and their sumys = agg + byg added to theC,, concentration), while
A,.r4L,, IS the rate at which the anti-oxident concentratidn,, is able to re-
verse the oxidative damage done to LDL by the free radicale doeffcient,
(with 0 < by < 1) is an efficiency parameter representing the fraction of the
products of the4,,-L,, reverse reaction feeding back into the native LDL popu-
lation 4. Finally, pr in (6) is the rate of free radical productionand A,,bsR is
the rate at which the anti-oxident concentration is ablesthuce the free radical
concentration through direct reaction.

In the next sections, we perform a linear stability analgdithe form in our
recent work [7]. We will consider the equations (1)—(6) tdchim a domain(2
with inner and outer boundariég andI’y, respectively. While we will not speci-

fiy the geometery exactly) can be taken as a deformed annulus in two dimen-

4We are incorporating a simplified version of the model of CabiSherratt and Maxwell for
LDL modification which presently supresses the multiplgetaxidation process found in [3]. Our
generalized native LDL species can be considered as a sulirL&flathat is not fully chemically

modified. The anti-oxident reaction is likewise here appeara single reaction.
SFree radical production is considered here to be a metabgficoduct which for present

purposes will be assumed to be constant.



sions, or an annular (deformed) cylinder in three dimerssidn the first section
that follows, we will consider equations (1)—(6) to be cagolith homogeneous
Neumann boundary conditions dx( J I';. This will result in natural extension of
the method developed in [7] to the larger system consideeeel. H_ater, we will
modify the method to consider equations (1)—(6) and allavafoonhomogeneous
boundary condition ofr; for immune cells and the chemo-attractant.
Transport of chemo-attractant and immune cells—monodiegdifferential
into macrophages in the tissue—will be considered as infle@rby compari-
son of the level of chemo-attractant at the boundary withesbaseline level in
the plasm&’,. If the level of chemo-attractant at the endothelium exsdéds
baseline, monocytes respond by entering into the intimgrlavhere they be-
come macrophages. Similarly, chemo-attractant exitsritima into the plasma
when the baseline level is exceeded. The transport of nhfdle into the ar-
terial wall—or out in the case of reverse transport—wilelikise be considered.
This will allow us to introduce the base line level of LDL inetlplasma which
will affect the existence and nature of an equilibrium Heaktate. This leads to

additional mathematical challenges that are addresseztiios 4.
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3 Stability Analysis with Homogeneous Boundary

Conditions

As stated, we consider equations (1)—(6) to govern the warspecies within
the domain2 and impose the homogeneous boundary conditions

oI 9D _dC 9L IL, OR

m om on on on an

onT';(JT's. We begin by assuming that there is a constant equilibriwate st
(Ze, D, Ce, Le, Loge, Re), and introduce the pertubation variables, w, z, y, s
which are defined by

I=7Z.4+u, D=D.+v, C=C.+w,

L=L.+2z Lopg=Loe+y, and R=R.+s.

Substituting the assumed form f6+R into (1)—(6) and keeping only terms that

are linear in the perturbation variables results in theesystf equations

% = div (1 Vu) — div (xVw) — Au — Bu— Cu— Dv— Ey  (7)
% = div(ueVv) + Fu— Gu— Hv — Iv+ Jy (8)
88_1; = div(usVw) — Ku+ Lv — Mw — Nw 9)
% = div(uVz) — Pz + Py — Pss (10)
% = div(usVy) — Qru + Q22 — Qsy — Quy + Qss (11)
% = div(ugVs) — Riz — Ros — R3s (12)

11



with the boundary conditions

ou Ov Ow 0z Jdy 0Os
on = 9n 9n 9n on on” " (13)

For ease of notation, we have introduced a number of parasneide new pa-

rameters are defined to be:
A= d11> B = a15£oxea C= @12De, D= @121e> E = @15Ie>

F=ci5Loze;, G=anD., H=anZ, I[=dyp, J=csZ,,
K =ua3C, L=ps3, M=anZ, N=ds, P=apRe, P»=0b1A0rs,
Py =agle, Q1=0b15L0ze;, Q2 =caRe, 3= Apurs, Qu=0bi5L,
Qs = caLle, Ry =0bsRe, Ry =0byLle, Rz =bgAs,

andyx = x(Z.,C.). Each of these constants is assumed to be nonnegative. Note
that due to balance of mags = B+ @y, J = E + Q4, Q2 = P, + Ry, and
Qs = P3 + R,. In our analysis, we will make the simplifying assumptioattthe
mobility and diffusions coefficients;, i =1,...,6 are constant.

LetU = (u,v,w, z,y, s). Before proceeding, we define stability in the fol-
lowing way:
Definition: The equilibrium state is called asymptotically stable iegvsolu-
tion of the linearized initial boundary value problem (7)3] for the perturbation

variables vanishes at infinity in the sense that there eaiptssitive functional

F(U)=®(t) such that lim &() = 0.
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We will adapt the method used in [7], to build appropriatectionals for two
cases of the system (7)—(13) before turning attention tostesy with nonho-
mogeneous boundary conditions. In the first of these casesisaume that the
integrals of the productgv anduw over§2 are positive. Physically, this can be
interpreted as saying that an increase debris-(0) and an increase in chemo-
attractant ¢ > 0) results in an increase in immune cells & 0). Likewise a
decrease in debris and chemo-attractant (0, w < 0) is met with a decrease
in immune cells¢ < 0). This is physically reasonable. However, we will show
that this condition can be dropped and a slightly weakeiilgiabondition can be

obtained.

3.1 Case A:fQ uv dx > 0 and fQ uwdx >0

In this section, we introduce several integrals. For eassotdtion, we will
suppress the integration variables. All integration israbe domain) unless
specifically indicated otherwise.

The transition matrix characterizing the species intésastassociated with

the system (7)—(12) is

“(A+B+C) -D 0 0 B 0
F-G  —(H+I 0 0 J 0
L _K L —(M+N) 0 0 0
0 0 0 —P P —P;
Q1 0 0 Q2 —(Q3+ Q) Qs
0 0 0 —Ry 0 —(Ry + R3)

13



We will assume that the eigenvalues/ohave negative real parf. In the fol-
lowing construction, this ensures that; — 0 ast — oo for U; = u, v, w, 2, y,
or s. This follows from Green’s theorem and the homogeneous Naarbaund-
ary conditions.This constraint does not guarantee stability of the systeaven
point-wise boundedness of eath We will also assume here that = 0 which
is consistent with the immobile nature of the lesion core.

Through out the construction of an appropriate functiowal will make judi-

cious use of the inequalities

1
(Cauchy) ab < ea® + 4—62, and
€

(Poincaré) /u < o] (/ u)2+0p/Q|Vu\2.

The parametef’, present in the Poincaré inequality is a constant that dipen
the geometry of the domain. When @A norm is considered), is related to
the inverse of the first positive eigenfrequency of a free imame [1]. With the
constraint that the eigenvalues dfhave negative real part, each of the integrals
(f UZ-)2 will decay exponentially. So, for simplicity, we will ignerthese terms
from the beginning of our construction.

We begin by multipling (7) by (8) by v, and so forth. Integration by parts

and application of the Poincaré and Cauchy inequalitisgteral terms yields the

5A number of conditions, including this one imposed dywill be made. The physical inter-

pretations will be discussed following the statement of@htained results.
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preliminary inequalities:

1 [ C, D+ FE D E
5@/@2§ / —Gh+jﬁu—W®— 5 )u”+5#+§f
H1

S IVul? + 2w

[ J J
/ _—Gluv — <H1 — 5) ’U2 + §y2:|

I L C L
/ —Kuw + 502 — (Ml + Lus — —) w?

N |
QH l\ié;—t
\ \
Sl\? @l\)
IN IN

i 2 2
M3 2
- Bvup?]
5|w
1 [ Py + P, P. P.
iﬁt/ZQ < / —(P1+Cpu4— 22 3)22+72y2+7332}

N —
&
—
<
no
IN

| 2

%
2

1 R R
5&5/52 S /[7122_ (R2+R3+Opu6—71) 52:|

For ease of notation, we set

(14)

(15)

(16)

(17)

/_Q%?+%%?—(Q3+Qy+QMy—Q£U%j£&)f

(18)

(19)

A1:A+B+O, GlzG—F, H1:H+], and M, =M+ N.

To proceed, we multiply (7) by,/D and use the equality from (9)

1
V2w = — (w; + Ku — Lv + Myw)
M3

to arrive at

1 2 ) s X XK A 2
- < | |=2Lo,|vul? — X, — i I

D/(“t)--(/{wt‘“| 1D T\ 20 T2 ) O
xL

XL o, xM _ B, B,
2M3DU M?)Dutw utv—l—QD(ut) +2Dy

-+ (Ut)Q —+

2,LL3D
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We can further separate the second term on the right by imgdke Cauchy

inequality. That is

€

X 2
(ug)® +,u3—D(wt) :

Later,e will be specified as needed. We impose the conditions:
[Condition1] E <1,

" L
[Condition 2] ;C— < and

1
4’

. 1
[Condition 3] X2
46“3 8

This will allow us to move all terms involvingu;)? to the left. We have

1 2 2 2 XK A1
_ < _
8D /(“t) —/{ &W "+ 3D( w) (2,u3D 2D Ou”

xL 5 xM E 2}

+ V7 — UpW — UV + —=

22

Next, we want to use equation (9) to investigate the t%-‘f%](wt)Q appear-
ing in (22), and choose an advantageous value.fdf we multiply (9) by 2wy,

integrate by parts and use the Cauchy inequality on the ptedy we have
/2(wt)2 < / [—,ugﬁt\Vw\Q — 2K uw; + Lv* + L(wy)? — Mlﬁth] )

Imposing

[Condition4] L <1,

€ € 2ex K exL exM
X (wt)QS/{—BX(‘MVwF— MXD uwt—l—MXDvQ— 5Dlatw2 .
3 3 3
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Finally, we can substitute this into equation (22). If in anbeh, we set

‘T oK

we can collect the productsw anduw;, into a single term. The resulting inequal-
ity is

1 M
8—D /(Ut)Q S / {—QM—Z;((MVU\Q 2KDat\V ‘ iigl)l at(uw) — UV —

K A M} L M, L E
X L) g — 2 g (w) (e 2 ) 2

(23)

Inequality (23) is one of the principal inequalities to bedisn the current con-
struction. Here we simply note that by our definitioneghe previous [Condition

3] can be restated as

YK 1

< =
2M1[U3 8
To continue, we assume

[Condition5] Gy =G—-F >0, and
[Condition 6] J < 1.
Then, if we multiply both sides of (8) %vt and integrate, we can obtain
1 5 H,y J
. < = .
el ()" < / { uvy QGlﬁtv + 2G1 } (24)
Now, we can combine (14)—(19), (23), and (24) to obtain tis¢ firajor inequality.

In so doing, we will move all terms involving a time derivaito the left and

ignore terms of the fornu;)?, (v;)?, and(w;)?.

1 YK Ay 1 H 1 Y M?
a2 A1) 2 A1) o 4 1 2
/t{(2+2u3p+20) +( +2G1)U +(2+2KM3D v
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Ly 14 1,
+22 +2y +25+
XM
psD

XM,

2
<
2kD VUl =

(uv) +

mm+%ww+
— / [Cuu® + Cov® + Cpuw® + C.2° + Cyy” + Cs*+
Cluw(uv) + Cp(uw) + Cyy|Vul* 4+ Cyy| V]?] . (25)
The coefficients on the right are

Co = M+ D (-Y) DR

2 2 2
D+ J+ L L ML
Cv:H1—++—X—X1
C X L
= 0 ()
¢ 1ty T 5) 7y
P+ P R
C. = Pt mCy— 9+ 3;Q2+ 1
P+Qi+Q+Qs+E+J E J
O = ot @, PTUTQr O BT
1
P+ + R
C, = RQ+R3+M6(JP—$
uw Gl
Cww = K
1 X
o = 3
v 9 H1 9

Cyw = ! <M3— K)

We are ready to state our first major result.
Theorem 1The equilibrium solutionZ., D., C., L., Loz, R.) Of (1)—(6) subject
to the homogeneous Neumann boundary conditions is asyicgitgtstable pro-

vided
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i fuv>o0and[uw >0
ii all eigenvalues of\ have negative real part,
iii Conditions 1-6 hold, and
iv M =min(Cy, C,, Cy, C., Cy, Cs, Cup, Cup, Cus, Cvy) > 0

The proof requires a definition of the functional as the obsimodification
of the left hand side of (25). Of interest is the physical iiptetations of the
sufficiency conditions stated here. The first has already Hessussed.

As for the eigenvalues o, if £ << 1 andJ << 1 (Conditions 1 and
6) and@, << 1, then to leading order, the matrix is block diagonal. Each of
these parameters being small indicates weak foam cell ptiotusinceFE, J,
and(@), are rates at which immune cells and oxLDL are transformeul diebris.
Then, ifQ; << 1 andR; << 1, the lower block would have eigenvalues,
—(Qs + Q4), and— (R, + Rs) which are all negative. Nov), and R, are rates
of oxidation of LDL, a destabilizing reaction, wherg@g; + Q4), and(Ry + R3)
are rates of healthy restoration due to anti-oxidant reacto, these eigenvalues
being negative indicates dominance of anti-oxident reastiover oxidation of
LDL. This is physically realistic as a stability—i.e. in@iton of healthiness—
condition. As for the upper block under the conditidiisc< 1 andJ << 1 and
@, << 1,if L << 1 (condition 4) so that production of chemo-attractant islsma

then to leading order the eigenvalues of the upper block are

1
My, —o(Hi+ A £ V(H, + A))? — 4(H A, — DG).

19



Large M, indicates low levels of the chemo-attractant consistatit l@iv inflam-
mation, while larged; (due toA and(C’) and H, indicate healthy immune func-
tion since these are rates of decrease of immune cells an dkle to normal

immune response. Large and(, also indicate healthy immune response. The

eigenvalues have negative real part proviej;é(ﬂl —A1)2+4DG) < Hy + Ay,
which is also physically reasonable in the sense that thidduee associated with
stabilizing effects dominating.

Next, the meaning of conditions 1, 4, and 6 have been givendi@ions 2 and
3 hold if the diffusion due t@:;3; dominates the chemotactic effects duetdrhis
is well known as stabilizing in any system characterized bgneotaxis. Finally,
condition 5 holds if removal of debris due to normal immunedtion &) is large
compared to foam cell production due to binding of macroplsag oxLDL (F).
This is a physically relevant condition.

Finally, note that each of the coefficients on the right hadéd & (25) have
positive and negative part (in order from left to right). Tast item of the theorem
holds if diffusion dominates chemotactic effects,(C,,, C., C,, Cs, Cyu, Cyw
> 0), healthy immune response dominates inflammatibn (1, H,, K, andM;
are large L small), and anti-oxidant effects dominate over oxidati@g, (R, and
Qs are small compared tQs; + ), and R, + R3). Note that Each of these is
naturally consistent with stability.

We note here that (25) can be rewritten in the form

%/E'Algﬂ—/g'Azg
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where¢ = (u,v,w, z,y, s, |Vul, |[Vuw|)?

TN R
Lo 0
A= XM g g, 0

2uz D

0 O 0 dy

and _ -
Cuv Cuw
C. % o Q)
G C, 0 0
A2:
w0 Cp - 0

For asymptotic stability it is sufficient thak; and A, -be positive definite (See
the Lemma in appendix A). This general result can be veriteedghy particular
set of the parameter values should such data become aeailabfortunately, in
contrast to Theroem 1, this is difficult to evaluate from a-piysical perspec-
tive in the absence of numerical data. Theorem 1 howevesgiveexplicit set
of inequalities involving the pivotal parameters of theteys. To overcome the
discrepancy for the case when the integrits and [ ww can change signs, we

use the modified construction that follows.

3.2 Case B: Dropping the assumptiong wv, [ uw > 0

The preceeding theorem requirgsw, [ uw > 0. We can drop this require-

ment and obtain a slightly different result. We will requaeaegrouping of the
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terms in our inequality (25) to eliminate the productsanduw in favor of terms
of the form (v + v)? and(au + Bw)? for some constants and 3. To this end,
first note that

1

1 1
§u2 + uv + 51)2 = é(u—i- )%

A regrouping as this leaves us with

YK A 9 1 XM12 5 XM
(2M3D " QD) v (2 " 2KpsD ) " " psD ()

still appearing on the left in (25). We can restate thesegersn
Pu® 4+ Yw? + (qu + Pw)?
by setting
K A 1
a=4]22 g=M, /2 =L and U=-.
Let the vectorY be defined component wise by
A H 1 1
KZ/%UQ, Yo = 2—G11U2’ Y?):/QUJQ, 3/4:/5227
1 1 1
Ys:/éy2a }/23:/5327 Y7:/§(U+U)2>

M
Yg:/(au+ﬁw)2, m:/;—g\vuﬁ, sz/;‘ml)\vw,

and consider the functiong#;(Y) = > Y;. Obviously,F;(Y) is nonnegative
and vanishes only i’ = 0.
Next, we seek a reordering of the relevant terms on the rigf2%). How-

ever, for the case under consideration, let us replace (2b)asimilar inequality
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obtained by replacing (14) with the following:

/u </{ <A1——)u +§y —Duv—(,ul——)|Vu\2 —\VwP .

(26)
Note that this differs from (14) only by the termDuv; here, we withhold ap-
plying the Cauchy inequality to the produbwv, while all other terms are un-
changed. We obtain the inequality (25) with the modificatiuat the coefficients
c,,C, andC,, replaced byC,, C, andC,,, defined by

~ C X E+ @
o= G (oY)
1+2 U1 5 5
W _ g JHL XL YM; L
v 2 2usD 2K 3D
Cww = Gi14+D

Set

Then under the conditions
[Condition 7] «ay,a, > G1+D, and

[Condition 8] «a,a,, > K,

the inequalities

Cu? + Cpyuv + CN'UUZ) < ——(ayu + ay)

[\Dlr—t

1
u? + Cypuw + waQ) < —i(auu + aw)?
hold.
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Now, we define the functionat, as
Folu,v,w, z,y, s, (au + a,v), (au + apw), |Vu|, [Vw|) =

~ ~ ~ 1
= / |:OZ22 + Cyy® + Cys® + i(auu + )i+

1 ~ N
i(auu + apw)? 4 Cyu| Vul? + Cyp| V|2

The coefficients are related to the previous ones by

- C,

¢ = 1/2

- Cy

- C,

OS — m

~ CVu
Co, = —2_

v w1/ (2D)
é o CVu

VT (xMy)/(2K D)’

Let M =min(C., ..., Cyv,). Then note that

d
%fl(Y) S _MFZ(();Oa07}/217}/})7}/67}/77}%7}67}/10)- (27)

Hence, the perturbations. . ., s decay, and the equilibrium solution

(Ie> De> Cea ‘Cea ‘Coxea Re)

is asymptotically stableprovided the conditions of Theorem 1 as well as the

additional conditions 7 and 8 hold.

’See appendices A and B for an argument that (27) implies asyimstability in the sense

defined previously.
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4 Nonhomogeneous boundary conditions

Here, we return our attention to the original system (1)-e@)sidered with
the new boundary conditions imposed:

0D _ 0Ly OR _

on On  On

07 oC oL
Mla—n = o (C - C,), M3a—n = —a3(C - C,), M(‘?_n = —au(L—Lp) (28)

0,

onI';. The parameters; andas are positive constants asds. As stated pre-
viously, C, is a baseline level of chemo-attractant in the blood. If #aeel of
chemo-attractant at the endothelial layer is greater thaibaseline level, chemo-
attractant enters the blood stream while immune cells emttethe subendothelial
intima. The parametef z is the serum level of LDL. Both forward and reverse
transport of LDL from the plasma and intimal layer can be ad&r®d depending
on the sign of the coefficient,. It is well documented that high serum LDL levels
are positively associated with arterial lesions. Allowfogtransport of LDL will
allow us to arrive at a stability criteria that relates tresdl to other significant
parameters. We still consider homogeneous boundary ¢onslifor all species
on the outer boundarls.

Allowing for transport across the boundary in more reaisyet presents us
with additional mathematical complexity. The primary pesh arises when we
integrate by parts as nonzero boundary integrals must b&dsmed. In the fol-
lowing construction, we make appropriate modifications.

We again linearize the system (1)—(6) about the constantilegum state
(Ze, De,Ce, Lo, Loge, Re). Itis necessary here thét = C, andL. = Lp. Let
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us denote the pertubation variables, w, z, y, s which are defined as before by
I=7Z.4+u, D=D.+v, C=C.+w,
L=L.+2z Lopg=Loe+y, and R=R.+s.

Upon linearization, we find that, v, w, z, y, ands satisfy equations (7)—(12)
as before. The boundary conditions for the system now unaesideration are

unchanged fopr, y ands. That is
ov 8_y _ 0s

i (29)
Foru, w, andz we note that
MW =o;1(Cc+w—C,) SO ulg—z = . (30)
Similarly
ugg—z = —azw, and mj—rzl = —ayz onl}. (31)

We will construct an inequality that allows us to conclud#isient conditions
under which the equilibrium state is stable. To addresstipact of the boundary

conditions, we will use the following inequalities:
(Sobolev) /u2 ds < C (/ u? + \Vu|2) dx, and
T Q

(Generalized Friedrich) Cg/

Q

u2dx§/|Vu\2dx+Cg/u2ds.
Q r

The coefficients’;, C,, andC; depend on the geometrpf the domaint with

boundaryl'.
8In the case of an annulus of inner and outer ragiandro, respectively,
41n(ro/r —1
Cr= 7702( 3421), Cy = ((7‘20 — r?)ln(ro/m)) , and Cs=1/In(ro/rr).
o I
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We proceed in a fashion similar to the previous cases by phyilttig (7) by
u, (8) by v, and so forth and integrating by parts to obtain (all intégrathat

follows is overS2 except where specifically indicated)

1
éﬁt/zf = /uw(a1+x—) u1/|Vu\2+x/Vu Vw —

— Al/u —D/uv— / (32)
1
5@/1}2 = —Gl/UU—Hl/U +J/Uy (33)
1
—8t/w2 = —ag/ w2—u3/|Vw|2—K/uw
2 T

+ L/vw—]\/[l/w2 (34)
lﬁt/z2 = —a4/ 22—u4/\Vz\2—P1/22
2 r,

+ Pz/yz—Pg/zs (35)
1
éat/yQ = —,u5/\Vy|2—Q1/uy

b o @@ [ Qs fus (36)

%@/sQ = —,u6/\Vs|2—Rl/zs—(Rg—i—Rg)/sQ. (37)

We assume that the effect of foam cell formation on the canagon of
oxLDL is negligible as compared to the competing oxidizingl anti-oxident
reactions. Thus, for simplicity, we sél; = 0 and likewise), = 0. This is
similar to our condition thaf); is small in the previous case considered. This of
course requires that; = a;s.

Next, we can apply the Cauchy and Sobolev inequalities t t@2arrive at
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the inequality

i3 o) fooa o) 3] e
+§/\Vw\2 [Al—% @ﬁﬁﬂ/ D/uv— /uy (38)

Let us note that large; should enhance the stability of the system in general,
since this would indicate strong diffusive effects. Simitasmall a; and smally
would be associated with stability since this correspondagdak cummulative (in
the domain and on the boundary) chemotactic effects; i§ larger thanyas, we

would expect this to be stabilizing. We impose the condition

[Condition 9] u;—C4 (a1 + %) —% frp >0

This condition coupled with (38) implies

N
%/\Vw\?—D/UU—E/uy. (39)

If we sum (34) and (39), we find that

30 [w+u?) < - [ag - <a1 +%)] [ vt [ 9uP= (- 3) [ 9w
—[Al—%<a1+&>}/ —D/uv E/uy K/uw—i—L/vw Ml/

(40)

For ease of notation, we will introduce the parameter

1
@:Oég 1— - ﬂ"‘l .
2 \ag g



Similarly, we introduce the parametes and impose the condition

[Condition 10] pus—

DO [

=pu3 >0

SetC(a, ji3) =min(&, i3). ThenC(a, fi3) will increase if botha and i3 in-
crease, and is at least nondecreasing and;i; independently. Letting' = C,,
where( is the other geometrically dependent constant appearitiggiGeneral-

ized Friedrich inequality, we have (after applying saidjnality)

a/ w2+u3/ |Vw|? EC(a,ug)C/wQ.
INY Q Q

One of the primary inequalities—that for surh -+ w?—can now be written

T (u —HU)S—[Al—T(al—i—Eﬂ/u— Ml—i—C(a,,ug)C’—E /w+

+§/QW_D/QU_E/¢y_K/¢w (41)

Additional inequalities are obtained from (33), (36), aB@)( forv?, y* ands?,

1d 9 J 9 J 9
- < - — -2 = .
5 71 v < Gl/uv <H1 2>/v + 5 /y (42)

1d 9 us Q2+ Qs 5 @2 5 @5 2 U5 2
Sdi yf‘<@+QT‘ 5 )/9*7/2*7/g+@m(/®'
(43)

1d 2 16 Ry o I 2 6 / 2
R N (LA SR S sl . (44
5q | 5= <Cp+ 2+ 13 2>/S+2 Z+Cp|m s (44)

We can not impose physically reasonable conditions anamgmthose used in

respectively.

previous sections that allowed us to ignore the tefifig)? and( [ s)* that arise
from use of the Poincaré inequality-hese additional terms are obviously non-

negative, so at present, we will treat them as we treat thebations variables
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u?—s?. That is, we will find sufficient conditions on the various aaeters such

d 2 d 2

We integrate (11) and (12) oveérthen multiply by( [ y) and( [ s), respectively.

that

Making use of the fact that bothands satisfy homogeneous Neumann boundary

conditions, and using the Cauchy-Schwarz inequality amsesf the form( [ z)?

we obtain

1d 2 Qs+ Qs e Qs ’

i) == (@-252) () 55 [+ 52 (/+)
(45)

and

%% (/s)QS—(RgnLRg—%) (/%Z@/z?. (46)

Finally, we can consider the variabie Since we can allowt, to have either
sign, there are two cases.df > 0, we have reverse transport. In the absense of
medical intervention, this is the less likely case as LDL @cales are typically
trapped in the arterial wall. We could ignore this case; haxgt is of interest to
see what the stabilizing effect is and how it balances wiltleoparameters.

First, in the case of forward transport, = —|as| < 0, we can use the

Sobolov inequality and obtain from (35)

1d
33 [ = u=laalcy) [ 1920
P+ P P P
_(p1—|a4\01— - 3)/z2+72/y2+73 5%, (47)

The destabilizing effect is readily apparent as we see keactiterion for decay
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will require P; to increase aBv,| increases. We will require the condition
[Condition 11.1]uy > |ayl, if ay < 0.

For the reverse transport casg (> 0), we can consider the expression

—u4/|Vz|2—a4/ z2+¢0/22
I

:P2+P3+R1+Q2+(R1+Q2)|Q|
5 )

Application of the Friedrich’s inequality to the term [ 2 gives

o o oo 5~ ) [ (- 5E) [ 2

(48)

where

bo

Here, we will impose
[Condition 11.2]uy > ¢/Cs anday > ¢oC3/Cs if ay > 0.

This latter condition guarentees the existence of a pesitinstant’ such that

—u4/\Vz\2—a4/ z2+¢0/22§—é‘/z2.
I

Our primary result for this section is arrived at by summing inequality (47)
(‘or using(48)) with (41)—(46). Assuming the conditions 9, 10, holdd &hat the

appropriate condition 11.1 or 11.2 holds, we have

%% [u2+v2+w2+z2+y2+52}+%%K/y)+</s)]S
—{C’u/if—i—Cv/v?—i—C’w/w2+C’Z/z2+C’y/y2+C’5/s2
2 2

+(D+G1)/uv+E/uy+K/uw+ny (/y) +Crs (/s) ]

(49)
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The coefficients on the right hand side are

2 H3
L
Y
2
o L
Co = M+ O )0 -
C P17 Oé4>0
° p1_|a4‘cl_P2+P3-|2—R1+Q2_(Rl+2Q2)|Q\’ a, <0
M5 J+ P+ Q2+ Qs
c, = — —
Yy Cp+Q3 2
P+ R
C, = %+R2+Rg——3+ 21+Q5
p
Q2+ Qs
Ofy = Q?)_ 9
Ry + Qs

Cfs = Ro+ Rs— 5

Let the vecto = (u,v,w, z,y, s, [y, | s), and assume the following condition
is met.
[Condition 12] Each of the coefficients,, C', ..., C, are positive.

Define the functional

6
Fy(V) = (Z/Vf) +VE+ VR
=1

and the parameters

Bu=1/3C B=C0 Bu=VCu and 5,=./C,

Finally, define
- 1 1 1
FuV) = [ 50 6o + B+ B+ 5 B+ B+
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2 2
+M<z2+s2+(/y) +</s) )
whereM = min{C.,,C,,C,, C}}.
Theorem 2The equilibrium solutionZ., D., C., L., Loz, R.) Of (1)—(6) subject

to the boundary conditions (28) is asmptotically stablevjgled conditions con-

ditions 9, 10, 11, and 12 hold and if

6u6v > D+ Gh ﬁuﬁw Z K7 and Buﬁy Z E.

If all hypotheses in Theorem 2 are satisfied, then

d . - .
SFAV) < —Fu(V)

establishing asymptotic stability for this case analogoy27) for the previously
considered equations.

The parameterg; andjiz appearing in conditions 9 and 10, respectively, are
positive when the competing effects of diffusion and cheaxist are such that
diffusion dominates. Dominance of diffusion in such systésragain well known
to be stabilizing. A comparison gf; with the paramete€y, from section 3.1
shows that the inclusion of boundary transport of immuniks ckle to chemotaxis
places a stronger burden on immune cell motility for stabtion. We have

Q 1
ﬂlzul—C’l Oq—i-& —K and Cvu:—<,u1—&).
13 2 2 2

The diffusive capability of immune cells must overcome cb&mis across the
boundary—governed by parametersandas—in addition to the interior of the

domain. The more likely of the two versions of condition 14 the casev, <

33



0 since forward transport of LDL molecules and subsequeraggping of such
molecules is what is observed. The diffusion paramgigs nonnegative; here,
condition 11.1 imposes a lower bound on this value for stgbilt means that
diffusion must dominate the influx due to haptotaxis at theéotinelial layer and
high serum LDL levels. Finally, condition 12 represents #igent relationship
between various stabilizing and destabilizing factors.ir@drest here is the two
coefficientsC';, andC' s, unique to the case allowing for boundary transport. The
parameters)s, (05, andR; are oxidation rates with respect to the concentrations of
LDL and free-radicals. Paramete&pg and i3 are proportional to the anti-oxidant
concentration. Positivity of';, andC; can thus be interpreted as requiring the
anti-oxident level to be large as compared to the oxidagaaction rates, which is

intuitive as a stability criterion.

5 Conclusion

Herein we have extended the methodology introduced in [8judy athero-
genesis as an inflammatory instability. As before, we are ehbbtain physically
reasonable stability criterion given our model of the déseprocess. Of note at
present is the inclusion of the previously neglected im@oas involving LDL
cholesterol, oxygen, and anti-oxident species. In pdeicwe see that increasing
the anti-oxident levels in the system, in conjunction witly action that increases
diffusivity in the domain has the expected effect of mitiggtdisease. Moreover,

we obtian particular inequalities that can be consideraethtsbecomes available.
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For example, we found that we require (closed boundary case)

by Q+Qs+E+J E J
(1 2)Q3+M5Op> 5 +2D+2G1

which gives a specific relationship between the magnitudentifoxident reac-

tion ((1 — b4/2)Q3), diffusion (u5), and healthy immune functiodX andG,) as
compared to the total oxidation rat@4+ (?s) and foam cell productionX + J).

The final result suggests that any intervention that canmag—or to an
even larger extent, reverse—the influx of LDL into the intiml provide the
greatest degree of stability. What is more, from the comdtid.2 (reverse trans-
port), and perhaps more importantly from the coefficiéhtin section 4 corre-
sponding to transport of LDL into the intima (forward transf), the size of the
domain plays a role in stability. Here, we see that the sm#tle domain (i.e.
|©2]) the more stable the system. If the geometry is known, ani@xptability
condition on the parameters can be obtained relative taiteesand thickness of
the intimal layer.

Herein, we were also able to adapt the method presented o ffhe more
realistic inclusion of the effects of boundary transporthisTis possible as we
avoid the mathematical intractability that can occur whem@ spectral theory.
By using Sobolov embedding, we are further able to obtaongger results. For
example, we are able to show that in some cases the gradfehésperturbations,
in addition to the perturbations themselves vanish asigatibi.

A number of assumption were made within the current studiz sisache con-
stant rate of free-radical production and the constant lefzanti-oxident con-

centration among others. More complex dynamics for adudfispecies such as
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free-radicals, anti-oxidants, and high density lipopirgg€HDL) can reasonably
be included. Cobbold Sherratt and Maxwell, in their studiBL oxidation [3],
do include and analyze the effect of the presence of HDL—hkntmvmitigate
LDL oxidation. Expansion of the governing equations to actdor additional
processes is one topic of ongoing investigation. The metihadalysis is flexible
and lends itself to such extensions. Additional numeritadiies of the various
parameters that we obtain herein may further illuminatedtetionship between
competing reactions such as rates of LDL oxidation as coeaptr the rate of
uptake of oxidized LDL by macrophages, or the rate of pradacof chemo-
attractant as compared to its natural degradation andsgifty. As in [7], we
propose that the methodology presented here is also adaptabystems other

than those considered presently.

Acknowledgment. This publication is based on work supported in part by Award
No. KUS-C1-016-04, made by King Abdullah University of Sute and Tech-
nology (KAUST).

6 Appendix A

— — — —

Define®; (t) = &, (£(t)) = £(t)- A1{(t) and®, (t) = Do (£(1)) = £(t)- A€ (1)
for E in R, with A; and A, positive definite matrices.

Lemma Suppose
d

@(I)l(t) < —CI>2(t),f0r t >t
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and®,(ty) > 0. Then
lim £(t) = 0.

t—o0
Proof: First note thatb,(t) — 0 if and only if £(t) — 0, and that®, is both
nonnegative and nonincreasing. THiis, ., ®(¢) exists and is either zero or a
finite number. Supposiém, .o ®(¢) > 0. It follows that there exista; > 0 such
that ||zi(t)|| > a, for all t > t,. It then follows that there exists, > 0 such that

Dy (t) > ay, for all t > ty, and hence that

d
@(I)l(t) < —ag,for t> 1.

But it then follows that there exist& > ¢, such thatb(¢) < 0 for all ¢ > T, in
contradiction to the nonnegativity @f,. We can thus conclude thé{¢) — 0 and

—

hencelim,_, £(t) = 0. O

7 Appendix B: £7,(t) < —MF(t) implies asymp-
totic stability

If F1(to) = 0 for somet,, thenF; = 0 since; is monotone and nonnegative.
Otherwise, suppose that there exists a trajec¥rgxceeding some poir¥, at
t = 0 such that for for alt > 0 Y remains outside of a ball of radiug, > 0.
Then at least one of the ten component¥oéxceeds?,/10.

We note that the left and right sides of the inequality ditfaty with respect
to Y1, Y3, andY;. It should thus be considered what happens in the case that on

of these components is larger th&p/10 > 0. If Y; > R,/10, then as a result of
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the Poincaré inequality, there exigts> 0 such thatyy > cR,/10. Similarly, if
Y; > Ry/10, there existg > 0 such thatyy > cR,/10. Finally, if Y2 > R;/10
andY; = 0, then there exists some> 0 such that; > cR,/10.
We can concluded then that there exists positive constaatgl 7" such that
fort >T
Fo(t) > a

wherea depends on the coefficients of the linear system thraughnd depends
on R, throughY . But then
d

_ < _
dtfl(t) ~ a

so that

fl(t) S —at +.7:1(0)

But, for sufficiently largef this contradicts the nonnegativity @f;. SoF; must

vanish at infinity.
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