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Chapter 1

In tro duction

1.1 What is Chemotaxi®

In biological systems,living speciessensetheir environment and respond to it.
Considerthis example: A male tiger may enter into a new territory and detect the
scer left by a femaletiger. Hoping for an opportunity to breed, our tiger is drawn
further into the new area. On the other hand, supposethe incoming male instead
senseshe scen left by another maletiger. He interprets the scen asa messagéehat
this territory belongsto another. If heis not up to ghting for hunting and breeding
rights, he will retreat. His responseto the stimulus, a scen marking, whether he
movestoward or away from it is calledtaxis (from the Greektaxis "to arrange").

Typically the word taxis is precededa pre x that is determinedby the type of
stimulus that organismsin a given systemrespond to. Se\eral types of taxis are
well known; a few of these are outlined in table 1.1. The type of taxis that we
are currently interestedin is chemotaxis. According to Horstmann [9], chemotaxis

is "...the in uence of chemical substancesn the ervironmen: on the movemert of
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mobile species." Referring bak to the story of our male tiger we note that the
in uence the chemical signalin the scen marking might be to draw him nearerto
the sourceof the signal; we typically call this positiv e chemotaxis , and refer to
the chemical as a chemoattractan t. When an organismis driven away from the
sourceof a chemical signal we refer to this as negativ e chemotaxis and in this

casewe call the chemical speciesa chemorep ellent or a chemoinhibitor

Table 1.1: Typesof Taxis

Type of Taxis Stimulus Example Species
geotaxis gravitational force ies, birds
aerotaxis air (oxygen) bacteria
phototaxis light moths, mollusks
haptotaxis adhesiwe red blood cellsin mammals
chemotaxis chemical signal bacteria, amoebae,red blood cells

Our focuswill be on the mathematical modeling of chemotaxisand someof the
applications of these models. In particular, we will explore the derivation (from
di erent perspectives) of a model typically referredto asthe "Classical Keller-
Segel Mo del of Chemotaxis" . The model takesits namefrom Evelyn F. Keller
and Lee A. Segel,mathematicianswho introducedthe model equationsas a model
of chemotaxisin 1970. The most distiguishing characteristic of this model (which
will becomeclearin later sections)actually precedeghe work of Keller and Segel.In
1953,Cliord S. Patlak derived essetially the "rst" equation of the Keller-Segel
model. Patlak was motived in part by recen (at that time) studies of biological
systemssud as modeling of migration of mosquitoes, mollusk, and homing pigeon.

He was also interestedin modeling other phenomenasud as predicting the length
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of polymer chains. Though seeminglyunrelated, thesetopics can both be thought
of in terms of random walks in which various forcescomeinto play. We will seethat
this probabilistic approat has been used extensiwely in the modeling and study
of chemotaxis. Despite Patlak's publication, the name "Keller-SegelModel" is the
onecommonly assaiated with a particular model of chemotaxis. Keller and Segel's
early work wasinspired by a tiny but impressie little character calleddictyostelium
discoideum|kno wn as "Dicty" to admirers (of which there are many, just try a
google seard of "Dicty amoebae" to seehow big of a following these little guys

have).

1.2 The Story of Dicty

Dictyostelium discoidium is a unicellular organism, in particular he is what is
known as a myxamoeba or more commonly "slime mold". He is typically found
living in cultivated soil aswell asin the sticky humus layers of woodland soilswhere
he feedson bacteria. Dicty was rst discorered by K. B. Raper in 1935, and it
becamequite clear that he was part of a very strange family of amoebae. Most
notably, his life cycle dependedon him being a sccial creature (see gure 1.1).

Givensu cien t food supplies,a population of dictys move very little and simply
engulfthe bacteriathey needto survive. Oncefood resourcesare depleted,however,
the dictyswill spreadout overthe availableregion. Evertually oneof them will begin
to emit a chemical signal called cyclic AdenosineMonophosphate(CAMP). Other
myxamoebaewill be attracted to this "founder" cell. They will migrate towards
the founder and will amplify the signal by emitting cAMP aswell. Over time, the

myxamoebaewill aggregateand di erentiate to form a multicellular organism. In
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this newform, asa plasmoid, the individual dictys actually maintain their individual
integrity. This plasmoidor slug will move on slime toward light. Evertually, it will

sprout a fruiting body, releasespores,and the life cycle starts again.

1.3 Beyond Dicty

The aggregationof myxamoebaeand myxobacteria® hasbeenof greatinterestto
thoseresearberswho have deweloped models of chemotaxis[11, 12, 13, 20, 19, 26].
In fact the movemen of myxobacteriais far lessunderstood, the interestedreader
is referred to [19) for an analysis of modeling of two medanisms of aggregation
(reinforced slime trails and chemical signaling). Howewer, the techniques usedto
understand the behavior of dictyostelium discoidium are currertly being used to
understand seeminglyunrelated phenomenasud as angiogenesig (seesection4.1)
and more recerly atherogenesi$ (seesection4.2).

The next two chapters of this report will be dedicated to the mathematical
modeling of chemotaxis. There are two approatesto modeling to consider. These
arethe macroscopi@approad in which the behavior of a population is consideredasa
wholeand the microscopicapproad wherethe focusis on the irregular movemerts of

a singlemember of a population. While the microscopicapproat seemgo predate

IMyxobacteria are a gram negative bacteria that exhibit gliding movemert on solid substrates.
They were rst isolated by Roland Thaxter in 1892. The pre x "myx" is from the Greek muxa

meaning slime or mucus.
2Angiogenesisis the processby which tumors induce the growth of their own capillary network.
3Atherogenesisis the onset of the diseaseatherosclerosis.This disease,commonly called hard-

ening of the arteries, involvesthe build up of lipids and debrisin the arterial wall and is the leading

causeof human mortalit y throughout the dewveloped world.



Figure 1.1: Life Cycle of Dictyostelium Discoideum
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the macroscopic(seePatlak [20]), it wasthe macroscopicapproad that was taken
by Keller and Segeland so will be preserted here rst. The modeling in chapter
2 will be basedon the notions of Fick's and Fourier's law, and massbalanceto
derive the equationsgoverning a given system. We will nd that this approad gives
rise to a systemof (typically) parabolic partial di erential equations(PDESs). In
chapter 3, the microscopicapproad is preserted. The tools usedin this sectionare
primarily probability theory and the notion of a discrete spacerandom walk. This
results in a cortinuoustime, discrete spacemaster equation for the probability of
nding an organismat a given placeat a giventime. Howewer, we will seethat from
the discretespaceequationsof the microscopicmodelsone can formally recover the

reaction-di usion PDEs of the macroscopicapproad.



Chapter 2

Mo deling: The Macroscopic

Approac h

2.1 The rst derivation by Keller and Segel

Perhapsthe best approad to studying this topic is to go through the work of
Keller and Segelas presened in their ground breaking paper of 1970[11]. This
predatesthe formal "Keller-Segel" model, but is actually its rst appearance. In
[11], the authors were interestedin describingthe aggregationbehavior of cellular
slime mold which they proposedwas the result of an instability. To this end, they

identi ed the following four speciessigni cant to the process:

a(x;t) The density of myxamoebaeat the point x (in R, R?, or R®) and at the time

t.

(x; t) The concerration of the chemical attractant acrasin. Here, you can think of

acrasinas being the chemical cCAMP descriked in section1.2.

7
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(x;t) The concenration of acrasinasean enzymethat degradeghe chemoattractart

acrasin.

c(x;t) The concetration of a complexthat formswhenacrasinand acrasinasaeact.

Next, Keller and Segeloutline the assumptionsthat their model will be basedon.

Theseare
(i) Acrasinis producedby the amoebaeat a rate of f ( ) per amoebae.
(i) Acrasinaseis producedby the amoebaeat a rate of g(; ) per amoebae.

(i) Acrasin and acrasinasereact to form a complex that dissaiatesinto a free

enzyme(acrasinase)and a degradedproduct vis.

Ky
+ ¢ *  + degradedproductt
k1
(iv) , ,andcdiuse by Fick's Law.

(v) The amoebaea move in the direction of increasinggradiert of acrasin( ) and

by di usion. The total number of amoebaeremainsrelatively xed.

In order to derive the equations of motion we consider an arbitrary volume

elemen of our systemand balancethe massof eat species.Let V be an arbitrary

1This compact notation really denotesthree reactions

+ et + and c + degradedproduct

The valuesk with a subscript are the reaction rates.
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volume elemen with boundary @/. Balanceof massrequiresthat the myxamoebae

density, for example,satisfy

@Z
Changein massin V. = — a(x;t)dx
@ v
k
Z
Flux out of the boundary of V. = J@ nds (2.1)
@
+
Mass created (birth) z
= QM@ dx
or deleted(death) in V v

whereJ® isthe ux vector assaiated with speciesa, n is an outward unit normal
to V, and Q® is the net massof amoebaecreated (birth - death) per unit time
per unit volume. We can write similar equationsfor the three other speciesgiving
rise to the analogousterms J(), Q(), JO), Q) J© and Q© all of which will
require clari cation. Howewer, beforewe determinethe proper forms (basedon the
modeling assumptions)of theseterms, let us note that we can usethe divergence

theoremto obtain?

Z z
J®@ nds=  r J®@dx:
@/ \Y
Hencethe equation (2.1) can be written
Z
@a(x; ty+r J® Q@ dx=o0:
v @

2Unless otherwise stated, we will assumethroughout this report that various functions and
vector elds are su cien tly smooth to satisfy the hypothesesof any theorem invoked and to write
asmany derivativesas are necessary Necessaryconditions on the volume V are similarly assumed

to hold.
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The only way for this result to hold for all possiblechoicesof V is if the integrand

is identically zero. So, from the integral massbalance(2.1), we arrive at the PDE

ga(x; ty=r J@+ QW:

Similar equationsfor the other speciesof coursefollow. But it remainsto specify
the terms J() and Q() for = a;; ;andc.
To characterizethe ux and growth terms we turn badk to the assumptionsof

the model. The ux terms , , and c are determinedby assumption(iv) as
JOVO= Dr  for = :c

(This is a classicalFickian di usion ux.) The parameterD with a subscriptis the
di usion coe cient which we can take hereto be constarts (although in generala
di usion coe cient could depend on spaceor on the di using speciesthemseles).

We useassumption(v) to determine a reasonableform for J(® asfollows:
J@ = D,ra+ Dyr

This ux is the de ning characteristic of the model at hand. We can think of it
as capturing two important aspects of the movemen of the species. Each of these

aspectscorrespndsto oneof the two termsin the ux. Namely, the term
D,r a D, > 0 (Fickian term)

s&ys that the organismsavoid increasing concetrations of their own kind. We
can think of this loosely as capturing the "spreading out to avoid overcrovding”
phenomenon(recall that the vector r a is the direction of steepest desceh of the

density a). The secondterm?

Dyr ("Fourier" type term)

3The numbering D1 and D> are in keepingwith Keller and Segelsoriginal notation



11

capturesthe movemeri of the speciesin responseto the chemical . This is the
chemotaxis phenomenon.When D, > 0 we can interpret this terms as saying that
"amoebaemove from low concertrations of towards higher concertrations”. This
is positive chemotaxisindicating that is a chemoattractart. If D, < 0, then this
term would meanthat the amoebaemove from higher to lower concenrations of
indicating that is a chemoinhibitor invoking negative chemotaxis. For the problem
at hand, the chemotaxisand henceD, are positive.

The growth term for a is easily determinedto be
Q(a) =0

since the last assumption includes that we take the total population number to
be constart (no growth or death). For the other species,we assumethe chemical

reactionsare linear*. This leadsto the following forms for the growth terms:

() and (i) =) QU =af() ki +k C
(i) and (i) =) Q)=ag(; ) ki +k i+ ke
(i) =) Q9=k ki ke

The systemof interest can now be written down.

% -t (Dya Dy ) 2.2)
% = r (D r )+ af( ) ki +k iC (23)
% = r (Dr )+ag(; ) ki +k ic+kye (2.4)
% = 7 (DCI‘ C) + ki k 1¢ kyC (25)

4seeAppendix A on how to interperet this mathematically
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Equation (2.2) is the identifying equation of the Classical Keller-Segelmodel of
chemotaxis. I'll mertion this again shortly. For now, let us return to Keller and
Segel'sanalysisof this systemjust derived.

Let usnote that the system(2.2){(2.5) is a coupledsystemof nonlinear parabolic
PDEs. A solution would require that we rst imposeinitial conditions of eat of
the speciesaswell asidertify the relevant geometry(wherethe variable x lives)and
what boundary conditions ead speciesshould satisfy. Dealing with four equations
of this form is certainly not impossible,and in fact is much easierto do today (at
least numerically) than it wasin 1970. To a great extert, how one approadesa
systemis in uenced by what featuresoneis trying to investigate. In this early work
[11], the authors proposedthat the onset of aggregationof the myxamoebaewas
the result of an instability. So, at this stagetheir intent wasto perform a stability
analysisof (2.2){(2.5). Tothis end,they rst simpli ed the model soasto highlight
the certral characteristics® This is done by assumingthat the complexc is in a
steadystate (@c 0) andthat the total conceiration of enzymegqc+ ) is constan.
This yields

ki k ¢ k=0, and c+ = (= const.

Substituting this into the system,we obtain the systemof two equations

r (D a Dir ) (2.6)

r (Dr )+af() k() (2.7)

QPO

where

k( ): OkZK:(1+ K ), and K = k]_:(k 1+ kz):

5In their own words "In sud a preliminary investigation asthis it is useful for the sake of clarity

to employ the simplest reasonablemodel.”
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The stability analysisconsistsof assumingthat there is a steadystate for the system

(a; ) = (ag; o) and consideringa perturbation o of this state by setting
A= ap+ e'lcos( X1+ 2X2); "= o+ elcos(1X1+ 2X2):

(Here x = (X1;X,) 2 R2.) Stability is determined by the sign of sincepositive
indicates that the perturbation term grows exponertially and negative indicates
that the perturbation decg/s badk toward the steadystate. After somecomputations

Keller and Segelarrived at the following condition for instability:

D10+aofo(0)>

D.ag K 1, where k= k( 0) + oko( o):

The motivation for writing the condition in this form is that we can seean expected
result by analyzingthe rst term. Sinceonly positive solutions(a; ) are physically
feasiblethe size of the left hand side of this inequality is determined primarily by

the value of the ratio
D, _ chemotactice ects
D, di usiv e e ects

Instability, and consequetly aggregation,is expected wheneer the movemert of
the amoebaeis in uenced primarily by the chemicalsignal. This is what is obsened
in experimerts and so this criterion seemsto support both the hypothesisthat an
instability is at work in the aggregationprocessas well as the proposedmodel of
chemotaxis. For further discussionof this analysis,the readeris encouragedo see

[11].
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2.2 The Keller-Segel Mo del of Chemotaxis

The purposeof the current sectionis to clarify much of the languageand notation

that will be usedthrough this report. We will call any systemof the following form

r(ru r ( (uvrv)+ G(u;v) (2.8)

F(u;v) (2.9)

0ee|®

the Keller-Segelmodel of chemotaxis. In this formulation, the variable u represeis
the density of somemotile living species,and the variable v represems the concen-
tration of somechemical species. The coe cient s called the motility coe cient

and is the analog of the di usion coe cien ts for nonliving species. In general,

may depend on space,u, v or somecombination of thesevariables. Typically, how-
ever, 0 whetherit is constart or not. The function is called the chemotactic
sensitivity function. Most often, and throughout the presen text, the chemotactic
sensitivity function is assumedto be linear in the speciesu [12 9, 17] which is in
keepingwith the notion that the ux of a speciesshould be proportional to the

density of that species.Hence,we can write
(U;v) = u o(v):

Keller and Segelcall , the chemotacticcoe cient ©. As we saw in section 2.1, if
o > 0 then (2.8) correspndsto positive chemotaxisand v is a chemoattractor. If
o < 0then (2.8) corresppndsto negative chemotaxisand v is a chemoinhibitor. In

the casethat 0 equation (2.8) is a pure di usion equation and no chemotaxis

is accoured for in the model.

6Someauthors refer to ¢ as the chemotactic sensitivity function basedon an apriori notion

that only linear dependenceon u can occur in the chemotactic term.
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2.3 Traveling bands of chemotactic bacteria

If you ever encourter a traveling band of chemotactic bacteria, don't make di-
rect eye cortact; they hate that.” Joking aside,this sectionis basedon the results
presened by Keller and Segelin 1971[13 in which the authors consideran exper-
imental setupthat resultsin visible bands of bacteria traveling up a capillary tube
lled with a mixture of oxygenand nutrient rich substrate. This exampleof the use
the Keller-Segelmodel is particularly interesting becauseit raisesthe question of
existenceof a traveling wave solution to the system(2.8){(2.9).

The experiment that is being modeled consistsof placing a population of Es-
cherichia coli (E. coli) bacteria in a petri dish and placing a capillary tube lined
with an oxygen and nutrient substrate into the certer of the dish (gure 2.3). Af-
ter sometime, a visible band of bacteria can be seenpropagating up the capillary
tube asit consumeshe nutrient substrate. In the casethat all of the substrateis
not completely consumedby this band, a secondband of bacteria will follow and
also propagateup the tube. A questionthat one might seekto answer is: what is
required of the systemfor traveling bandsto be obsened?

The assumptionsof the model are
(i) There is a singlesubstrate the concetration of which is denotedby s(x; t).

(i) Bacteria, whosedensity is given by b(x; t), move by chemotaxistoward high

concettrations of the substrate and by di usion.
(iif) Diusion of the substrateis negligible

(iv) The bacteria consumethe substrate at a rate of k(s) per bacteria

’I wastrying my bestto be funny. I'll stop; | promise.



capillary tube
T band of motile bacteria

bacteria culture

Figure 2.1: The experimertal con guration
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(v) The systemis closedsothat neither bacterianor substrateenter (exit) through

the boundaries.

We can write the systemof equation$ (in the samefashionas donein section2.1)

as
®@_ e (@ , &
a- a 9& PO& (2.10)
%: k(s)b (2.11)

fort > 0and0< x < L (L=length of capillary tube), and with the conditions

s(x; 0) = sp(x); b(x;0) = y(x); %’ = g =0 when x=0;L:

The no ux conditionsare becauseof assumption(v), and s, and by are giveninitial

distributions of substrate and bacteria, respectively. Sincethe focusof this study is
to determineif traveling wavescan be obsened, and sincethe length of the capillary
tube is consideredto be very large in comparisonto a bacterial band, the analysis
is facilitated by introducing a traveling wave coordinate and extending the domain

of interest to the wholereal line. That is, let
z=Xx ct 1 <z<1; bxt)=0nz); and s(x;t)= s(z)

Further assumethat k, , and sy are constart and that in the far eld s= sy. In

the variable z the system(2.10){(2.11) become$

cld
c® = kb (2.13)

80bsernwe that in this one spacedimension setting the operator r =

9 0 d
dz

b %% (b (s)s9° (2.12)

%
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b:l’! 0 and s! s, as z! 1

with both b and s boundedasz ! 1 . To go any further requiresthat the
chemotactic coe cien t be speci ed. The choicethat Keller and Segelmake is that

it should have a power law dependenceon the substrate concertration|i.e.
(s) = s% (2.14)

They establish that traveling bands can only exist for the casea 1 (seethe
Appendix in [13)), and choosethe "least singular" form. Namely, they take a =
1. This is inspired in part by an obsenation known as the Weber-Fedchner Law.
The Weber-Fediner Law!® statesthat changein perception of an organism p is
proportional to the relative changeis the amourt of stimulant ?S the organismis
perceiving. Mathematically,
ds

dp: §

which is equivalent to (2.14) for the casea= 1. The results of this choicefor is
that it capturesthe obsered phenomenorthat organismsare sensitive to evenvery
small changesin the substrate if the concenration of substrate is also very small.
Moreover, it implies a saturation e ect when the substrate is highly abundart in
that large changesarerequiredfor the bacteriato accuratelydeterminethe direction

of steepest ascen in this case.l'll leave nding the solution of (2.12){(2.13) asan

101t is debatable whether use of the word "Law" is really appropriate here. Nevertheless,the

name "W eber-Fechner Law" is how this appearsin the literature.
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exercisefor the readef! The solution is given by

c*so S s
) 5 © (2.15)

S 1+e & (2.16)

(z)

s(z2)

From this solution we see something similar to what was obsened for the sys-

tem (2.6){(2.7). Note that the solution (b;s) above is only boundedif
>0 ieif >

That is to say the chemotactic in uence must prevail over the di usiv e in uence
on bacteria for the solution (2.15){(2.16) to be meaningful|for traveling wavesto
exist. The model here is further supported by matching the wave speed c with
reported data. This is doneby the authorsin [13 wherethey shoved that the wave
speeddetermined by (2.15){(2.16) is in reasonableagreemeh with available data.
The speedc can be determined by substituting (2.16) into (2.15) and integrating

over all z (sincethe number of bacteriais assumedconstart). One nds that
Z
N k 1
c= — where N=a b(z) dz
aso 1

and a is the crosssectionalareaof the capillary tube.

IHINT: Integrate (2.12) and usethe condition at in nit y to dealwith the constart of integration.

Then divide through by b and integrate again. The solution will look like
b= Qs ~ exp( cz=)

with Q arbitrary (corresponding to horizontal translation in z). To get the solution to look

like (2.15){(2.16) choose
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2.4 Some conclusions

In this chapter we have seenthe modeling of chemotaxis approaded from the
considerationof an ertire population of organismsand how they interact with their
ernvironment. The most notable result is the equation (2.8) which capturesin a
mathematical languagethe phenomenonof taxis of a living speciesin responseto
a nonliving species|some chemical in the ervironment. The form of the second
equation in the ClassicalKeller-Segelmodel as stated in (2.9) is decidedly vague.
The in uences that drive the ewlution of the chemical speciescan vary from sys-
tem to systemand must be speci ed in correspndencewith the assumptionsof a
particular model. Hopefully the model examplesdiscussedn sections2.1 and 2.3
have given you someidea of what types of factors might go into determining the

appropriate right hand side of equation (2.9).
Doesthe organismproducethe chemical?
Doesthe organismdepletethe chemical, for exampleby eating it?

Are there other sourcef the chemical, perhapsit is produceby somechemical

reaction?
Doesthe chemical naturally degrade?
Is there appreciabledi usion of the chemical?

Theseare just a few questionsthe modeler might want to consider. We will see
more examplesof equationsgoverning chemical speciesin the fourth chapter.
Now, we turn our attention to the modeling of chemotaxisfrom the microscopic

perspective. Given the uncertainty encounered when attempting to quartify the
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behavior of a singleorganismwe will nd that the appropriate setting for modeling

is that of probability theory.



Chapter 3

Mo deling: The Microscopic

Approac h

| brie y statedat the endof chapter 1 that the microscopicapproad to modeling
chemotaxisactually appearsto predatethe macroscopic.In his 1953paper Random
Walk with Persisten@ and External Bias! [2(], C. Patlak deriveswhat is essetially
the rst equation of the Keller-Segelmodel (equation (40) in [2(]). Patlak was
himself motivated by studiesof the motion of animalsand the study of variability of
genesn populations. The primary method he used,and the method to be discussed
in this chapter, is that of treating a motion as a random walk in which forcesthat
in uence the walker are accounied for. The majority of the discussioncontained

in this chapter aswell asthe notation usedhereinis taken from the 1997 paper by

Lpatlak de nes "p ersistenceof direction" asmeaningthat the probability a particle (organism)
travels in a given direction is not the samein all directions. "External bias" meansthat the
probability that a particle travelsin a given direction depends on external forces acting on the

particle.
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Hans Othmer and Angela Stevens[19]. Even though the formal "Classical Model"
of chemotaxis cameeighteen years after Patlak's paper, and the paper of Othmer

and Stevensanother twenty-six yearsafter that, Patlak stated in 1953

"[I]t may be pointed out that the motion of organismsunder the in u-
ene of various stimuli...may, to a gaod approximation, be treated by this

methal."

Now we are interestedin characterizingthe motion of a single organismwalking
on a lattice who can, in the interest of simplicity, move from onelattice point to any
adjacen lattice point at any instant in time. To further simplify the exposition, we
can begin by assumingthat the lattice is in one spatial dimensionwith the points
on the lattice indexedby the integersi 2 Z. Thus, at any time t, a walker at i may
move to the point i 1,1+ 1, or remain at i. Rather than introducing a variable
to represem our walker, we seekto determine a probability density function (pdf)
correspndingto the movemer. Tothat end,de ne the cortinuoustime, conditional

pdf
pi(t) = P(the walker is at i at time tjthe walker started at i = O at time t = 0):

We are interested in chemotaxis, so we would also like to represemn the cortrol
species|i.e. chemoattractor or repellert. In keepingwith [19], we will assumethat
the cortrol speciesis distributed on an embedded lattice of half step sizes. To

characterizethis, we introducethe sequence
W = (C5W 190 W i jW a1 =0) 55 W 120; Wo; Wasp; ii)

of weights assaiated with the cortrol speciesonthe enmbeddedlattice (you canthink

of wy asthe amourt of chemical at the point g for half integer g). To construct a
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masterequationof our pdf we needto represem the transitional probability functions
that describe the probability that our walker takesa step. Thesefunctions should

depend on W sinceour walker is under the in uence of the cortrol species.De ne
T, (W) = transitional probability per unit time of a jump fromi to i + 1;
and
T, (W) = transitional probability per unit time of ajump fromitoi 1.
We can write the master equation [19]

@ T WP () + T (W)p o) (T (W) + T (W))pi(t) 3.1

@

In plain English the above can be stated (roughly) as:

The changein probability of nding our walker at i
Kk

(Probabilit y the walker movesfrom i+ 1to i) (the probability the walker wasat i + 1)

+

(Probabilit y the walker movesfromi 1toi) (the probability the walker wasat i 1)

(Probabilit y the walker movesfrom i)  (the probability the walker was at i).
Moreover, we can sg that the quartity

(TrW)+ T, (W) *
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is the "mean waiting time at the i"" site". Equation (3.1) appearsat rst like a
Markov process(the current state being independen of the previous state). How-
ewer, this is in generalnot the casesincethe walker canin uence the weights. We
saw this in chapter 2 in the models described there. That is, the organismsmay
secrete,eat, or otherwisein uence the state of the cortrol species.So, eventhough
the transitional probabilities are not showvn to depend explicitly on the p;s, there is
implicit dependenceas W can, and usually does, depend on the p;s.

In the rest of this chapter, we will considerfour di erent modelsthat determine
the form of the transitional probabilities. Theseare (1) a local information model,
(2) a barrier model, (3) a nearestneighbor model, and (5) a gradiert-based model.
We will alsoseehow theserelate, at least formally, to the macroscopicmodel de-
scribed in the previous chapter. Equations that govern the cortrol specieswill be

ignored here.

3.1 A Local Information Mo del

Here, the transitional probability dependsonly on the weight at the node of
interest|i.e.

T. (W)= T(w,) 8n%

In this assignmeh we are also separatingthe units by letting the parameter have
units of 1/time so that T is dimensionless. Substitution into the master equa-

tion (3.1) yields

%: TWwe)pa @+ Tw Dp o) 2 Tw)pi(d) (3.2)

2Note that this meansthat T, = T,, .
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This equation assumesthat our walker can only senseand hencerespond to the
measureof the chemical right where he is standing. We can analyzethe features
of this model in more depth by relating it to a cortinuoustime, corinuous space
model.

Todothis, let usassumehat the meshconsistsof equally spacedhodesadistance
of h apart and de ne x = nh, n 2 Z. Next, supposethat we can expandthe terms
on the right hand side of (3.2) in Taylor series for small h (for easeof notation |

will write T'(w;) as T} and denotederivativeswith respectto x by a subscript)

2 3

fup = fpeh fip + 0 fp + 0 fip +o(Y (33)
> é XXX

fiwm: = fip h fip +h7 fip % fim  +0(h") (3.4)

The term O(h*) meansthat all remaining terms are at most of order h* ash ! 0.
An explanation of this order notation can be found in Appendix B. It should be
noted here theseexpansionsare not rigorous becausewe have not shown that these
derivatives are indeed boundedash ! 0. It is not a trivial matter to establish
boundednes®f the derivativesand in fact for somerelevant models (choicesof T)
it turns out that it cannot be done*. Neverthelesswe proceedby substituting (3.3)

and (3.4) bad into the right hand side of (3.2) and dropping the subscripti. Note

3To clarify the computations, for x = ih F; 1 denotesF((i 1)h) = F(x h). And for small

h we can write the Taylor expansionabout x as

2 42 3 43
F(x h)y=F(x)+( h)((jj—l):((x)+ %ZTZ(X)-F %%(x)+

4Many interesting systemsexhibit blow-up in nite time or Dirac concenration solutions. These

solutions can have relevant physical meaning.
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that the odd terms and the zero-orderterms vanish to leave

@

a- " fwp +O(h?):

We (formally) set

lim lim h?=:D 2 (0;1):
ht 0 11

When and h both goto zerothis leadsto

@
%’ = D@ T(w)p

@ @ @v
D@ T\(w)@ + p‘f‘\o(w)@

It is not di cult to shaw that in higher dimensionsthe above generalizedo

@._ Dr  Tw)r p+ pfw)r w :

@

This is an equation of the form (2.8). We can rewrite this equation as

@b (rp (Ewrw) (3.5)

@
and seethat we have terms similar to the motility coe cien t°
= DT(w)
and the chemotactic sensitivity function

(p;w) = pDTYw)

with the prime hereindicating di erentiation with respectto w.

5| say "similar to" sincep is a probability density function as opposedto number or mass.
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A number of obsenations canbe madeabout equation(3.5). Most obviousis that
the chemotactic sensitivity function is linear in our measureof the mobile speciesp.
This is not surprising and is in keepingwith the notion that the chemotactic ux
be proportional to speciesdensity. The dependenceof on T alsoyields interesting
information about how the form of the transitional probability function a ects the
anticipated behavior of the system. In particular, if we considerthe casethat T
is constart in w, that is the probability of a movemern to an adjacert node is
independert of the cortrol speciesthen T%and hence is zero. Then (3.5) is a pure
di usion equationand the systemdoesnot exhibit chemotaxis. If T is a decreasing
function of w, then > 0 which we expectto indicate positive chemotaxis. To chedk
the reasonablenessf this obsenation, we recall that by our de nition of T and the

meanwaiting time:
1
T(w) = 2 times the meanwaiting time wherethe weigh is w:

So, if Tqw) < 0, then

g fw) >0

and the meanwaiting time is increasingin w. If follows that accunulation of the
organismsis more likely to occur where the concenration of the cortrol speciesis
large. This is consistett with positive chemotaxis. It is similarly clearthat if T is
an increasingfunction, then the systemexhibits negative chemotaxis. Finally, | will

mertion that (3.5) admits a nonconstarn steady state solution Tp harmonic.
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3.2 A Barrier Mo del

The model is again determined by what form the transitional probabilities take
and how they depend on the cortrol species. In the current sectionwe want the
movemern of our organismfrom one node an adjacern node to depend on "barrier"
between the nodes. Here is where it is particularly useful that we prescribe the
weights of the control speciesbe on an embeddedlattice of half step size. As an
example,supposethat

T, (W)= T(w 1)

sothat a jump fromi to i + 1, for example,dependson a barrier at i + 1=2. The
coe cient 1=time is againintroducedsothat T is dimensionless For this choice

of transitional probability the master equationis

%= TP + w2 s TWa) + T ) p 36)

As in the previoussectionwe de ne x = ih whereh is the sizeof the grid meshand
assumethat

D = lim lim h?
ht 0 11

is a positive, nite number. Upon expandingthe right hand side of (3.6) to fourth

orderandletting ! 1 ;h! Owearriveat
@_,©@ @
3 D@ f(w)@ (3.7)

| leave the computation asan exercisefor the reader. The higher dimensionalanalog

is
%’ =Dr Tw)rp (3.8)
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The notable characteristic of this equation is that there is no dependenceon the
secondspatial derivativesof the cortrol species. That is to say that this is not an
equation of the form of the Keller-Segelmodel. Rather it is a convection di usion
equation. This type of equation has been studied by Lapidus in [15 who shoved
that solutions can exhibit transient aggregationbut that this does not last. He
terms this phenomenon“pseuda@hemotaxis" From the form of the transitional
probabilities there is no dependenceon the weights that are on the walker's lattice.
Moreover, there is no correlation between left and right jump probabilities. One
possibleadjustmert to this is to insist that the meanwaiting time be constart on

the lattice. An exampleof this would be to de ne the transitional probabilities as

T\(Wi 1=2)
T (W) = 3.9
(V) f(Wi+1=2)+ T\(Wi 1=2) (3:9)
sothat
T W)+ T, (W)= 8i:

It can be shawvn that this choiceof T doesleadto an equation of the Keller-Segel
type. But, rather than considerthis examplenow, | will concludethis sectionand
reintroduceessetially this sametransitional probability form for a nearestneighbor

model.

3.3 A Nearest Neigh bor Mo del

As the namesuggestsa nearestneighbor model is onein which the transitional
probability function at a given site dependson the weights of the cortrol speciesat
oneor both of the adjacert sites. The nearestneighbor model that will be considered

asan examplein this sectionis similar to the last one descrited in which the mean



31

waiting time at all sitesis constart. We de ne the transitional probabilities by

W, W,
TrwWw)y= —™2 - and T, (W)= —2 1
Wh+1 + Wy 1 Wpsr + Wy 1

Note that this is of the samegeneralform as (3.9) except for dependenceon the
integer valued grid points, but it correspnds to the special form of T(w) = w.
This particular choicewas given by Davis [3] to descrike a reinforcedrandom walk.
In Davis' model, he consideredthe value of a weight at a given spatial node as a
function of the number of times a walker occupiedthat node. This type of model is
analyzedby Othmer and Stewens[19 in relation to the movemert of myxobacteria.
This is becausea myxobacterium canexcretea slimetrail that may be usedby other
myxobacteria to facilitate their movemern. Having the weight at a node increase
ead time it is occupiedre ects the bacteria's preferencefor moving along existing
slime trails.
Let us introducethe new function N de ned by

_ Wh _. ) )
Tn+1 (W) - Wiio + Wi = N (Wn1Wn+2)-

Then
TrT 1(W)= N (Wy; Wy 2);

and the master equation for this casecan be written

@n
@

To ewaluate this model we again expand the the right hand side about the point

= (pn+1N(Wn;Wn+2) + Pn 1N (Wn;Wn 2) pn): (310)

x = nh for small h and formally take to innit y and h to zero. (The readeris

encouragedo work out the details)® De ning the parameterD in the sameway as

®Put N (u;v) = ;i and usethat

N(u;u+ u)= N(u;u)+ @@N(u;u) u+ O( u? = u+ O( u?):

1
4u

NI =
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before,the correspnding cortinuous spaceequationto (3.10) is

@_p,e 1@ ra
@ @ 2@ W&

The analogin two or more spatial dimensionsis

@_ Lo Prw
@—Dr 2rp Wrw. (3.11)

First, we seethat (3.11) is an equation of the type of the rst equation of the
Keller-Segelmodel of chemotaxis. Moreover, we caniderntify the motility coe cien t

and chemotactic sensitivity function as

_b wy =P - d :
=5 (p,w)—DW—DdeIn(W).

We seethat the chemotactic sensitivity function is again linear in the measureof
the motile speciesp. Also, this form of correspndsto the Weber-Fedner Law
usedby Keller and Segelin [13]. This may alsore ect the slightly larger range of
lattice that in uences the conditionally probability at a given node. That is, the
probability at the n™ lattice point dependson the weiglts at the (n = 2)"9, the n™",
and the (n + 2)" nodes.

We can considera more generalform of the transitional probabilities

f(Wn l)
f(Wn+1) + f(Wn 1)

T, (W) =

of which T is the idertity is just oneexample. The analysisleadsto the cortinuous

equation I

@ _ 1 faw)
@’ Dr 2r p pT\(W)r W (3.12)
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The motility coe cient is the sameas in (3.11) and the chemotactic sensitivity
function is

(piw) = Dp% = Dp_In(F(w):

The chemotaxisis there for positive wheneer T is strictly increasingand negative
when T is strictly decreasing. This is quite dierent than the local information

model of section3.1.

3.4 A Gradien t-Based Mo del

We concludethis chapter with one last random walk model. A gradiert based
model is intended to capture the phenomenaof organismthat "probe" the envi-
ronmert before making a move and having the decisionto move be basedon a
consideration of weights at the current point and the next point to be occupied.
To keep things simple we considera model in which the transitional probability
function dependslinearly on the di erence of the weight at a given point and the

next adjacent point. For example
T.(W)y= (+ (a1 (W) (3.13)

where is a known cortinuous function” and and are nonnegative constarts.
We again derive an equation of a cortinuous spacevariable. For this model, we

obtain
@
@

"The form of T in (3.13) could be prescriced to depend on barrier weights (e.g. at

@_.@ [
@_D@ 2p0(W)@ ; (3.14)

W, 1=»); it could also be extended to higher order dependencefor example by adding a term

( (Wn 1) (wp))? and soforth.
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or in two or more dimensions

%):Dr (rp 2pdwrw): (3.15)
If both and are positive, then this equation is of the Keller-Segeltype with
motility coecient = D and chemotactic sensitivity function
(p;w) = 2 p (w):

The chemotaxisrepreseted would be positive if  is increasingand negative if is
decreasing.f = 0 (equivalertly if is constart) then there is no taxis and (3.15)
is a pure di usion equation. This is identical to the caseconsideredn section3.1in
which the probability of movemern is independenceof the cortrol species.If there
is no basaltransition rate, = 0, then there is no di usion and the only transport

is due to chemotaxis.

3.5 Chapter Conclusions

We have seenthat the de ning characteristic of the Keller-Segelmodel can be
derived directly as in chapter 2 from mass balance considerationsand, at least
formally, by consideringirregular movemeris of a single member of a population
from a probabilistic perspective. But, as was stated earlier, we have given little
considerationas to the ewlution of the cortrol speciesother than to point out at
the end of chapter 2 what someof the phenomenamight needto be accoured for.

Someissuesof interest at this point may be

What are equationsfor the stimulus?

What typesof solutionsto theseequationsmight arise?
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What are someapplications of the Keller-Segelmodel?

In the next chapter, | will focuson the last questionwhich will include someexamples

of the previoustwo.



Chapter 4

Applications of the Keller-Segel
Mo del

The model as rst derived by Keller and Segelwas done soin the cortext of a
speci ¢ example of chemotaxis|i.e. aggregationof slime mold [11]. In this nal
chapter, we will exploretwo other examplesof problemsfor which the Keller-Segel
model has beenusedto descrike the ewlution of a systemin which organisms(in

thesecaseshuman cells) respond to chemicalsin their ervironmert.

4.1 Angiogenesis

4.1.1 What is Angiogenesis?

When a tumor rst appearsin the human body it is in a stagethat would be
termed avascularmeaningthat it doesnot have its own blood supply but rather

dependsondi usion of oxygenand other nutrients from nearby tissuesfor its survival

36
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and growth. Sincenutrients are unable to read all the cellsin a new tumor some
of the cells begin to die (becomenecrotic). Small avascular tumors are typically
characterizedby a necrotic coresurroundedby living cells. In the absenceof its own
blood supply the young tumor will obtain a limited sizeof 1-3 mm [17]. Continued
growth can only occur if the tumor can somehav induce the growth of its own
capillary network. A hypoxic tumor may be ableto do just this by sendingchemical
signalsinto the surroundingtissuewhich are respondedto by cellsin the vasculature
in such a way that theseresponding cells migrate and build capillaries connecting
the tumor to the rest of the blood stream. The processof inducing new vasculature
is called angiagenesis Angiogenesisis not unique to tumor growth; it occurs for
exampleduring prenatal developmen. Howewer, angiogenesitias become,in some
circles,essetially synonymouswith tumor dewelopmert [17].

In order to understand the process,it is necessaryto have somebasic idea of
the structure of vesselsn the human body. There are se\eral vesseltypesin the
body that vary in size, structure and function. Theseinclude large arteries sud
as the aorta that delivers fresh blood from the heart, veins and the vena cava
that return blood to the heart, and tiny little capillaries throughout the body?
that deliver nutrient rich blood to all of tissuesof the body including someof the
larger vessels. The processof tumor induced angiogenests primarily involves the
small veins and capillaries’. These can be consideredas small cylinders that are
lined with a monolayer of cells called endothelialcells (ECs) resting on a thin basal

menbrane and perhapssupported on the outer side by layered smooth musclecells

1There are on the order of 10'° capillaries in a human being.
2Throughout the rest of this section, the word angiogenesiill always be usedto denote tumor

induced angiogenesis.
3Most cellsin the body are no more than 50 m away from a capillary ([10] pg. 250).
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(SMCs). The ECs are the main cellular speciesoutside of the tumor responsiblefor
angiogenesis.

Angiogenesisoccursin three stages(see gure 4.1): (1) activation of ECs, (2)
migration and proliferation of ECs, and (3) maturation of the new vessels. The
rst stageis triggered when a hypoxic tumor emits a chemical signal in the form
of any of seweral speci c chemicalsknown collectively as TAFs (tumor angiogenic
factors). The chemical signalis "heard" by an endothelial cell when the chemical
binds to a receptor on the EC surface. This results in geneexpressionwithin the
EC causingit to changephenotypesfrom a quiesceh to an activated type. The EC,
which are lining a vesselnear to the tumor, then beginto excrete MMPs (matrix
metalloproteinases)which degradesthe basal membrane and any cells comprising
the outer wall of the vessel. In this way the ECs can begin to migrate from the
vesselwall toward the signalingtumor. This movemert is facilitated by the TAFs
(chemotaxis) as well as by adhesive bronectin secretedby the ECs (haptotaxis).
It is believed that the migrating ECs begin to attach to ead other to form tube
like structures [17]. Finally, SMCsmay migrate and attach to the new structure to
enhanceits stability. A loop may form that runs from the vasculatureto the tumor
and badk. This is a particularly dangerousdevelopmen from a medical perspective

asit canresult in metastases.

4.1.2 A Mathematical Mo del of Angiogenesis

During the past decade mathematicshasbeenusedto attempt to better under-
stand the processof angiogenesisaswell asdevelop methods of predicting the e ects

of various interventions. Numerousmodels and studieshave beendocumerted (c.f.



Figure 4.1: Cartoon of the processof tumor induced angiogenesis.
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the review [17] and the referencedherein). In this section,| will discussthe model
of Levine, Sleeman,and Hamilton givenin [16]. In their 2001 paper Mathematical
Modeling of the Onset of Capillary Formation Initiating Angiogenesisthey o er a
model of the rst two stagesof angiogenesishat capturesthe bimodal migration of
endothelial cells (the formation of a tube structure).

Levine et al. basetheir model on the interactions between one cellular species

(ECs), four chemical species,and the receptorson the ECs. Theseare denotedby
v The concenration of TAFs.
¢ The concetration of proteolytic enzymes(MMPS).
r The density of receptorsto TAFs on the ECs.
| The concettration of an intermediate receptor complex.
The density of ECs. and
f The density of bronectin.
The model is then basedon the following assumptions:
(i) A TAF (v) bondswith areceptor(r) to form the intermediate complex(l).

ky

V+r |

K 1
(i) The complex! inducesthe production of a new receptorand an MMP.

| % c+r



(iif)

(iv)

(v)
(vi)

(Vi)

(viii)
(ix)

41

The MMP degrades bronectin to produce an intermediate product that in

turn producesan MMP plus a degradedproduct.
c+f P q ¥ c+ degradedproduct

(The intermediate product q is not of interest.) This occurs by Michaelis-

Menten kinetics* (as opposedto linear reactions).

The ECs produce bronectin at arate of f(fy f) per EC; wherefy, isthe

amourt of bronectin in a normal capillary.
The decg of bronectin and MMP is negligible.

The ECsfollow a reinforcedrandom walk using a nearestneighbor model with

transitional probabilities T'(c;f) = T1(c)T5(f).

The kinetics of the reactionsin assumptions(i) and (ii) are in steady state

prior to EC migration.
The systemis closedwith no ux of EC into or out of the domain.

The systemis on a 1D lattice x = 0tox =1

“4For a linear reaction, we might interpret this schematic as (seeappendix A)

o
— = kscf:
dt 3¢

The assumptionthat the kinetics are of Michaelis-Merten type meansthat we modify this equation

sothat if f is small, the equation is essetially the samelinear kinetics, but when f is large the

equation is of zeroorder| o =dt= constart. This can be achieved by writing

d _ kscf
dt — 1+ of°
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The rst two assumptionsimmediately give us preliminary di erential equations

for v, r, |, and c basedon the condition of linear reactions. Theseare

% = Kyrv+ Kk gl (4.1)
% = karv+ (K 1+ ko)l (4.2)
g = kv (K 1+ k)l (4.3)
g -« (4.4)

Assumptions(iii) through (v) allow usto write the equation for bronectin

2Cf
1+ f

%: + f(fy f) (4.5)

wherethe , = ks, and , = ks=ks. Finally, we can obtain the equation

@_.,@ @

@ & @ @@(In ) (4.6)
which is an equation consistent with (3.12) and assumption(vi), namely follows a
reinforcedrandomwalk of a nearestneighbor modeP. At this point, an equationfor
ead of the specieshas beenspeci ed. But rather than considerthe system (4.1){
(4.6) the authors of [16] note that while EC move on a time scale of days, the
chemical kinetics descriked in the rst two assumptionsoccur on the time scaleof

seconds.They thus arguethat speciesr and | are in a pseudosteady state during

EC movemern. The phrase"pseudo” steady state is used becausethe solution r,

5The term in equation (4.6) is equivalert to the term T in (3.12) and should not be confused
with the useof the character usedin chapter 3 to discussthe gradient basedmodel. While this
notational change may be confusing, the use of the character in chapter 3 was consistert with
the notation of Othmer and Stevenswhosework chapter 3 was basedon, and here the useof s

consistert with the notation of Levine et al. the authors of the current model.
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| is obtained by medianically setting the left hand side of (4.3) to zero. Howewer,
the solution obtained by this method can not hold for small t unlessr(x; 0) = 0 or
v(x; 0) = 0 which is physically unfeasible. To seehow this argumen proceedsnote
that sincethere is no complex| prior to the reactionswe can sum equations(4.2)

and (4.3) and integrate to obtain
r(x;t) + I(x;t) = r(x; 0): 4.7)

Setting the left hand side of (4.3) to zeroand using the above relation we can write

expressiondor r, I, £, and &

.2,
r(x; ) % @)
R 11rix; ?\3\(/>Ext)t) (4.9)

g - b
% (k 1 11+k1)1:/((>)<(;; (t)))v(x; t) wi

Finally, by employing the obsenation that the number of receptorson an EC remains

essetially constart|
r(x;t) r(x;0)
;)  (xt)

assumingthat the parametersk, ; = k; Kk ; 1 = R, and by setting ;| = R we

= const
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arrive at the systemof interest

% _ D@@ @@m _ (4.12)
% _ 1+11\\// (4.13)
% _ 1+1 ‘:V (4.14)
% - 1+2CZ‘; + ffu 1) (4.15)

Completing the statemert is the no ux boundary condition (assumption (viii))

@

—In - =0 when x=0;1
@

and given initial distributions

(x;0)= ox) 0 Vv(x;0)= vo(x) O
cx;0)=c(x) 0 f(x;00=Ffux O

We concludethis subsectionwith the resultsof a numericalexperiment conducted
by the authors of [16] that showvs someof the expectedoutcomessud asthe deca of
bronectin in an interval consisten in length with a typical capillary, the bimodal
concertration of ECs in this interval indicating a capillary sprout, and the rapid
uptake of angiogenicgrowth factor by the ECs.

Figures 4.2{4.6 shav the solutions of the system(4.12){(4.15) obtained numeri-
cally. The form of the transitional probability function usedis

1+c 1+ 2
2+ C + f

(c;f)= 1(0) o(f) =
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which is intended to accoun for both chemotaxisin responseto proteasec and
haptotaxis in responseto bronectin f. This is basedon an ad hoc postulate that
the medanics obey a power law ( ;(c) = ¢ for example)which is then molli ed
(that is ; is boundedaway from both zeroandin nit y). The problemis scaledwith

initial conditions
(x;0)=1; c(x;0)=0; f(x;0)0=1; and v(x;0)= 15 100(1 cog2 x))2°:

R
The value of 199 = 0:933 10 3° is chosenso that 01 v(x; 0)dx = 1. This choice
of initial condition on the TAFs corresmpnds essetially to a unit pulseé® of TAF at
the certer of the lattice at the onset of the numerical experimert. The remaining

parametervaluesusedare givenin table 4.1.

Table 4.1: Parameter Values[16]

D=235 5 1 = 0:001 2= 10 1= 12 1= 10 2 = 0:001

2= 12 1=730 1 = 0:007 =0222| =190 2= 128

Figure 4.2 shaws the deca of bronectin in an interval x 2 (0:44; 0:56) about
which the TAFs are originally concertrated. The width of the channel correspnds
to about 6 micronswhich is in the range of diametersof a typical capillary. Figures
4.3 and 4.4 show the correspnding bimodal concertration of endothelial cells at
the endsof this interval which is indicative of the tube structure growth of a new
capillary. The remaining gures, 4.5and 4.6, shov the phenomenorof rapid uptake

of TAFs by the endothelial cells|the TAF is nearly completely depleted within

5The sequenceF, (x) = 15 (1 cog2 x))™ tendsto the Dirac function (x 1=2)asm! 1

in the senseof distributions.



46

1/40" of an hour, and during this sameshort period the density of proteaseattains
a near steadypro le. For an analysisof the systemwith respectto changesin some

of the parametervaluespleasesee[16)].

4.2 Atherogenesis

A morerecern application of the Keller-Segelmodel of chemotaxisis the current
study of the diseaseatherosclerosis.Before discussingthe modeling approad, let

me familiarize the readerwith the this disease.

4.2.1 What is Atherosclerosis?

Atherosclerosisis a chronic diseaseinvolving the accunulation of lipid laden
cellsin the arterial wall. The precursorsof the diseasecan beginin humansduring
early childhood with the appearanceof fatty streakswhich are purely in amma-
tory lesions[23]. Theseearly lesions,which consistprimarily of monocyte’ derived

macrophage% T-lymphocytes’, and lipids'®, may be found throughout the arterial

’A large white blood cell with nely granulated chromatin dispersedthroughout the nucleus
that is formed in the bone marrow, enters the blood, and migrates into the connective tissue where

it di erentiates into a macrophage.
8A phagacytic tissue cell of the mononuclear phagocyte system that may be xed or freely

motile, is derived from a monocyte, and functions in the protection of the body against infection

and noxious substances
9Any of sewral lymphocytes (as a helper T cell) that di eren tiate in the thymus, possessighly

speci ¢ cell-surfaceantigen receptors, and include somethat cortrol the initiation or suppression

of cell-mediated and humoral immunity.
0Any of various substancesthat are soluble in nonpolar organic solverts (as chloroform and

ether), that with proteins and carbohydrates constitute the principal structural componerts of
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Figure 4.2: Time ewlution of the onsetof angiogenesi$or the system(4.12){(4.15).

Evolution of bronectin decay showving an opening of about 6 microns.
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Figure 4.3: Time ewlution of the endothelial cell movemer. Note the bimodality
for ead time slice. This gure fails to correctly capture the ewerts on the time
interval [0; 0:05] wherethe growth factor is changing most rapidly. The numerical
solution breaksdown sometimeafter 0.2 hours when the two maxima coalescgthe

authors do not provide a plot of this phenomenon).
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Figure 4.4: This plot shaws the ewlution of the EC asin 4.3 on the time interval

[0; 0:05]. Bimodality appearsalmost immediately.
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Figure 4.5: Evolution of the growth factor decgy shawing that growth factor is gone
within 0.025hours.
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Figure 4.6: Evolution of the proteaseshawing that the concerration comesto a

near steady state.
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tree. More advancedatheroscleroticlesions,known as brofatt y and brous plaques,
are principally found in the larger muscular arteries. An advancedlesion,in partic-
ular a brous plaque, is characterizedby a core of lipid laden macrophageqcalled
foam cells), leukocytes, debris (potertially necrotic) and a brous cap composedof
smaoth muscle cells intermingled with connective tissue proteins. Initially , as the
brous plaque forms, and the wall of the artery thickens, there is a compensatory
dilation and luminal presenation, a processcalled remodeling. With continued
plaque growth, there is evertual luminal encroatimert restricting the o w of blood
through the artery. Rupture of the brous capcanresultin sudden,completeocclu-
sion of an artery leadingto ischemiaof the heart or brain i.e. heart attack or stroke.
Atherosclerosiswith its potertial for causingthese catastrophic medical everts, is
the leading causeof human mortality in the westernworld and much of Asia [23].
Through mathematical modeling and numerical simulation, we seekto provide a
deeper understanding of the diseaseprocessand to dewelop methods of predicting
the in uence of variousrisk factors sud asblood pressureand cholesterolaswell as
changesin the structural and medanical properties of the artery, aspectsthat are

critical to deweloping strategiesfor combating this proli ¢ disease.

4.2.2 A Detailed Look at Atherogenesis

Recertly, mathematical approadiesto studying someof the physical-chemical
ewverts necessaryor the developmen of atheroscleroticlesionshave beeno ered in-
cluding modelsof lipoprotein transport and accunulation in the arterial wall [18, 24].

The presenceof low density lipoprotein (LDL), more preciselyof chemically mod-

living cells, and that include fats, waxes, phospholipids, cerebrosides,and related and derived

compounds.
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ied or oxidized LDL (oxLDL), appearsto be a key trigger of the initial immune
responsethat characterizesatherogenesisCobbold, Sherratt, and Maxwell [2] pro-
poseda mathematical model of in vitro LDL oxidation. Their model takesthe form
of a systemof time dependen ordinary di erential equations(ODES) governing the
oxidation process.In the work descrited herein, we have adaptedtheir approad to
allow for spatial variation in our model of atherogenesis.

We proposea mathematical model that describesthe early stagesof atheroscle-
rosisincluding formation of a brofatt y plaque. Our model focuseson the in am-
matory componert that is key to the pathogenesiof CVD. In particular, we model
the secretionof and responseto chemotactic stimuli by various cellular speciesand
LDL in the blood and arterial wall. Becausethis study certers on the interplay
between chemical and cellular species,we employ a classicalmodel of chemotaxis
rst proposedby Keller and Segelin 1970[11]. This approad is inspired inpart by
recert models of angiogenesisudt asthat descrited in section4.1.2. Our model is

expressedas a nonlinear systemof coupled parabolic partial di erential equations.

Disease Description

Although the fatty streaksthat canoccur ewvenin infancy may be found through-
out the arterial network, the advancedlesionsof the diseaseof atherosclerosisare
found in the larger arteries sud asthe abdominal aorta, coronary arteries, cerebral
arteries and others [10]. These various arteries, while of di erent sizesand loca-
tions in the body, have a similar structure. They can be thought of asthick walled,
multila yered tub es whoseinnermost surfaceis exposedto owing blood with the
outermost surfaceboundedby surroundingtissue (see gure 4.7). The radius of the

lumenis roughly onehalf of the radius of the artery itself. The arterial wall cortains
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three distinctiv e layers{the intima, media, and advertitia, whoseconstituerts are
suited to the functions of the given layer. The intima is the innermost layer of the
arterial wall. It is characterizedby a monolayer of endothelial cells that form the
crucial interfacebetweenthe arterial wall and the blood o w, athin basalmembrane
on which the endothelial cellsrest, and a subendotheliallayer of smaoth musclecells
and ne collagen brils whosethicknessvarieswith ageand health. The intima ini-
tially accouns for < 10 % of the total wall thickness. Howewer, the in ammation
that characterizesthe atherogenicprocesstakes place primarily within this layer
which is consideredextensiwly in our proposedmodel. The endothelial cells sere
seweral purposesthat include providing a smooth surfacefor uid ow, secretion
of anticoagulants to maintain the uid state of the blood, and chemical signaling
of immune cells. This barrier assumegreat signi cance in the dewelopmen of and
protection againstatherosclerosisy regulating the passageof chemicaland cellular
speciesbetweenthe artery wall the and the adjacert blood stream. The mediais
the largestlayer of the artery and consistsof multiple layersof smooth musclecells
alignednearly in the circumferertial direction in an extra cellular matrix of collagen
and elastin. The muscular mediais high in strength and is the most resistart layer
to loadsboth in the axial and circumferertial directions [8]. The outermost layer,
the advenitia, consistsof broblasts, bro cytes (collagen and elastin producing
cells), and thick bundlesof collagen b ers. The b ersare alignednearly in the axial
direction. They provide reinforcememn of the arterial wall and, at high pressures,
prevert overstretch and rupture of the vessel.

According to recen theory [23], the lesionsof atherosclerosighat form the in-
timal layer constitute a chronic in ammatory responseto injury. The rst step

involves,endothelialdysfunction Although poorly understood, this processappears



Figure 4.7: Cartoon picture of the thick walled, multi-layered artery.
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to be characterizedby a changein the permeability of the endothelial layer that al-
lows lipids to migrate into the subendothelial layer followed by an in ux of the cells
that comprisethe immuneresponse. The changein permeability is alsoaccompanied
by an increasein the adhesienessof the endothelial layer and a changefrom an-
ticoagulant to procoagulan properties. A number of factors have beenconsidered
as possiblecausesof endothelial dysfunction. Theseinclude multiple typical and
atypical CVD risk factors sud as cigarette smoking, diabetes mellitus and hyper-
tension (all of which generatefree radicals), elevated LDL cholesterolblood levels,
and possibly even infection by microorganisms(e.g. herpes viruses or chlamydia
pneumonag [23. It is obsened that certain sites, in particular the opposing wall
at an arterial bifurcation, are especially vulnerableto endothelialinjury and subse-
quert dysfunction resulting in plaque formation. This pattern suggestshat blood
o w changesincluding increasedturbulence, decreasesn shearstress, o w reversal,
and stagnationzonesoccurring at thesesitesmay alsocontribute to the dysfunction.
Endothelial cellsare known to be sensitive to shearstress,and recirculation due to
o w separationcan deprive the vesselwall of fresh, nutrient rich blood resulting in

dysfunctional cells.

Lip oprotein Oxidation

Lip oproteins are micellar particles produced by the liver and intestines which
cortain regulatory proteinsthat direct the blood tra ¢ king of cholesteroland other
lipids to various cells in the body. There are four major classesof lipoprotein{
very low-density lipoprotein (VLDL), intermediate-densiy lipoprotein (IDL), low-
density lipoprotein (LDL, the "bad cholesterol” cortaining particle), and high-
density lipoprotein (HDL, the "good cholesterol" containing particle). The bulk
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of cholesterolis cortained within the latter two particles. The lipoprotein structure
consistsof a lipid core corntaining cholesterol estersand triglicerides, and a coat
that is composedof regulatory surfaceproteins, unesteri ed cholesterol, phospho-
lipids and a variety of other minor componerts that may include moleculesand
proteins assaiated with antioxidant defenses.LDL particles transport cholesterol
that is neededfor various cellular functions sud as cell menbrane formation and
hormonesynthesis. About 60%to 70% of the total body cholesterolis cortained in
the LDL particles. HDL particlesaccourt for most of the remaining cholesterol. The
function of the HDL particles appearsto be involved with the return of excesdipids
from tissuesto the liver for subsequeh processing(a processreferredto asreverse
transport). Many studies have unequivocably shovn that elevated blood levels of
LDL cholesterol confer a higher risk of deweloping CVD. Although LDL particles
are not found in atheroscleroticplaques,oxidatively modi ed LDL particles are.

A mathematical model of the in vitro oxidation processof LDL is descriked by
Cobbold, Sherratt and Maxwell [2]. As descrited above, the LDL particle cortains
on its surfacea number of antioxidant defensesncluding -tocopherol(vitamin E).
In the plasmawherethe concertration of free radicalsis low and other antioxidant
particlesarepreser, LDL usually remainin its native, unoxidized form. Asthe LDL
particle migrates into the intima, it may expend all of its innate defensesagainst
oxidation. According to the model in [2], eat cortact with a free radical depletes
the LDL particle of one of its vitamin E molecules. Once these are exhausted,
the next cortact with a free radical initiates peraxidation of the lipid core. In [2],
the authors considera typical LDL particle with six -tocopherolmoleculeson its
surfaceexposedto free radical attack. Letting Lg(t) denote the concertration of

LDL particles with six antioxidant defensesat time t, the authors assumea linear
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reaction with a freeradical R at arate ke (Lg + R e Ls), to obtain the variable
Ls(t), the concertration of LDL particles with v e antioxidant defensesemaining.
In this fashion,they obtain a systemof nine ordinary di erential equationsgoverning
the concettration of free radicals R(t), the concerration of LDL particles with i

antioxidant defensed (t); i = 0::6, and the concenration of oxidized LDL L o(t).

The time rate of change of ead speciesof LDL is given by the linear reactions,
and the changein radical concenration is increasedby a production term (that is
estimated sinceit is not measurable)and decreasedy reaction with LDL species.
In the model of atherogenesigproposedin this paper, we adopt Cobbold Sherratt
and Maxwell's model of LDL oxidation. We modify their equationsonly by adding
spatial dependencein the form of a diusion term. LDL in both its native and
oxidized form are only slightly mobile within the arterial tissue. We accourn for this
by a small di usion coe cient. This processis obligatory in the formation of the
atheroscleroticplaque. In 1977,Goldstein et al. [5] discoreredthat certain immune
cells, in particular macrophageshave a high a nit y for oxidatively-modi ed LDL

but not native LDL. This resultsin trapping of cholesterolwithin the arterial wall.

Macrophagesengorgedwith lipids are referredto asfoam cells. Unable to perform
their normal duty of degradingdebris, theselipid-laden cellsaccurnulate and signal

other immune cellsto the site instigating plaque growth.

Corruption of the normal imm une pro cess

Circulating immune cellsin the blood, sud as monocytes and T-lymphocytes,
migrate into tissuesin responseto chemicalsignalssecretedoy variouscellsincluding
endothelial cells and other immune cells. Under normal healthy conditions, these

immune cellsaid in the degradationof apoptic cellsaswell asthe removal of foreign
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ageris sud as bacteria or viruses. Changesin the permeability of the endothelial

layer and subsequen deposition of lipids in the intima causean up-regulation of

chemo-attractars secretedby thesecellsincluding monocyte chemotactic protein 1,

interleukin-8, and macrophagecolory stimulating factor. Thesechemo-attractarts

mediate the in ux of other immune cellsinto the subendothelial layer. Oncein the

artery wall, monocytes di erentiate into macrophagesphagaytic cells that seek
out and engulf apoptic or foreign bodies. It is now understood that macrophages
becomecorrupted in the presenceof oxidized LDL and are a major player in the

in ammatory processof atherosclerosig25|.

LDL particles in the native state do not attract macrophages.Howewer, once
LDL is oxidized it is recognizedby the scarengerreceptor on the surface of the
macrophaged21]. Macrophagesdo not recognizeHDL ewven in an oxidized state.
Exacerbatingthe problemis the fact that while oxidized HDL may reerter the blood
stream, oxidized LDL particles are trapped in the artery wall [2]. Attracted by oxi-
dizedLDL, the macrophagesn the artery wall attempt to internalize the lip oprotein
particles. This resultsin an accunulation of cholesterolestersand transformation
of the macrophageinto a foam cell. In this lipid laden state, the macrophageis
incapableof functioning normally. Dead or apoptic cellsand other debris (including
the foam cells) are allowed to build up. In response,chemical signalsare secreted
by the foam cells and endothelial cellsto summon more immune cellsto the site.
Additional macrophageghen ernter into the region. The chemical mediators of in-
ammation canincreasebinding of oxLDL to cellsin the arterial wall [6]. Hencethe
new macrophagesecomeengorgedwith LDL and the cycle of chemical signaling

cortinues.
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Lesion progression

Smaoth musclecells (SMCs) also respond to chemical signalsproduced during
the accurulation of oxLDL, foam cells,and debris. SMCsmigrate around the lesion
to form a brom uscular cap overlaying the plaque. This processis also mediated
by chemo-attractarts which ertice SMCsinto the regionaswell aschemo-inhibitors
that keepthe SMCsoutside of the lesioncore. The brofatt y atheroscleroticplaque
is characterizedby a brous cap of SMCs, poorly formed connectiwe tissue and, in
somecaseslipid lled macrophagesiueto cortinuedin ux of leukocytes. The cap
coversthe corewhich cortains deadcells,foam cells,and potertially nectrotic tissue.
As descriked in the introduction, remodeling occurs that initially results in the
abluminal expansionof the arterial wall followed by evertual luminal encroatimen
asthe cells,cell matrix, and debrisaccunulate in the plaque. The overlaying surface
becomeghrombogenicresulting in platelet adherencedue to increasein expression
of platelet-endothelial-celladhesionmoleculel. The thrombus can further diminish
or even completely occludeblood ow at this site [23].

Continued diseaseprogressionresults in an advanced lesion descriked as a -
brous plague. Thesetypesof plaquesare characterizedby a densecap composedof
SMCs, collagen,elastin, and basemeh membrane b ers. Theseplaquesoften cause
moderate (40%{50%) to sewere (> 90%) arterial occlusion. Howewer, the danger
of clinically signi cant ischemiaimposedby sud a lesionhas more to do with the
stability of the plaque (which is primarily determined by the composition of the
cap and the lipid core) than the degreeof occlusion causedby the plaque [14, 4].
The cap may be uniformly thick which provides stability to the lesion;the SMCs

are the main arbiters of the integrity of the cap. A nonuniform cap, primarily one
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with aregionthat is thin (commonly found at the "shoulders" of the plaque), is me-
chanically unstable. Factors such asrheologicalforcesor the production of various
proteasesn uence the stability of the cap[4]. Rupture of an unstable by moderate
sizedplaquecanresult in completeocclusionof an artery with catastrophic medical
consequencesud as stroke or myocardial infarction. Whereasa lesionthat may
occludethe lumin to a much greater extert but which hasa stable cap amy be less
of an immediate threat to a personbecauseneovasculardevelopmer can compen-
sate for the chronic and slowvly-forming occlusion. One of the primary goalsof the
presen study is to model and simulate the formation of the atheroscleroticplaque
coveredby a brous cap. Successn this endeaor is expectedto lead developing a
much better understanding of the pathogenesisof CVD with the ultimate hope of

minimizing the morbidity and mortality attributable to CVD.

4.2.3 A Mathematical Mo del of Atherogenesis

Our model is basedon a cortinuum medanical, i.e. macroscopic,view of the
process.Hencethe equationsgoverning the ewlution of various speciesare derived
by consideringa balanceof massof ead of these. To this end, we identify the cellular
and chemical speciesmost signi cant to the processand considertheir movemen,
production, and death in an arbitrary cortrol volume. In so doing, we accoun
for the highly interactive nature of diseasedewelopmeri|the secretionof chemical

speciesby cells,movemert of cellsin responseto chemical signalsand so forth.
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Mo deling Assumptions

We begin by idertifying and labeling the following six generalizedcellular and

chemical speciesthat are to be consideredresponsiblefor diseasan this model:

S1.

S2.

S3.

S4.

S5.

S6.

n, (number density){lmm une cells: These are primarily monocyte derived
macrophagedut may alsoinclude monacytes, T-lymphocytes, and other im-

mune responsecells.

n, (humber density){Smooth musclecells: Also included in n, are any cells

that are inherert in the production of the extra cellular matrix.

n3 (number density){Debris: Debris is de ned as dead cells, apoptic cells,

deposited lipids, and foam cells (corrupted macrophages).

c: (concernration e.g. M/L){Chemo-attractan t: Here, we make no distinc-
tion between various types of chemo-attractarts sucd as macrophagecolory
stimulating factor, monocyte chemotactic protein, interleukin-1, and others.

Rather, c; refersto any chemicalthat inducespositive chemotaxis.

C; (concerration){Nativ e LDL: The value of c; is the concenration of LDL
moleculesthat are not oxidized regardlessof how many innate defensesany

given moleculehas remaining.

cs (concertration){Oxidized LDL

The changein concetration of ead speciesin any volume elemet is subject to the

following assumedconditions:

Al.

Endothelial dysfunction occursby an unspeci ed medanismallowing LDL to

enter the intima.
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A2. All speciesaresubject to somerandom ux through the boundary of a volume.

For speciesns, C,, and ¢z this ux is very small astheseare nearly immobile.

A3. Immune cellsexhibit positive chemotaxisin responseto chemo-attractart and
oxidized LDL. Smaoth musclecells exhibit positive chemotaxisin responseto
chemo-attractart and negative chemotaxisin responseto high concertrations
of debris. Cells are sensitive to the relative gradiertle.g.  =°[in  respect
to chemotaxis. This is consistert with the obsenation that cells are highly
sensitive to changesin chemicalconcenration at very low concenrations, and

it alsoaccourts for saturation e ects at high concertrations.

A4. Chemo-attractart is producedin an unspeci ed way at a rate of f(n3z) per

unit n3. It is decreasedvhenan immune cell or SMC neutralizesit on cortact.

A5. Native LDL erters the systemthrough the boundary where it may become

oxidized (produce c3) following the generalschemeas descriked in [2].
A6. Immune cellsand SMCsdie or becomecorrupted to produce debris.

A7. The concertration of debris increasesdue to death or corruption of other
cellular species,and it decreasedy degradationby immune cellsat a rate f,
per unit debris per unit immune cells. The rate of decreasedependson the

concerration of oxidized LDL.

The governing equations

We formulate the ux, production, and consumptionterms for eat speciesin
accordancewith the above assumptions. To satisfy assumption A1. we include

in the assumed ux of ead speciesa classicalFickian dependenceon the species’



64

gradiert. For the immune cellsand the SMCs, we add to this a term that descrikes
the chemotaxisof thesecells. Using the model of Keller and Segel11], we de ne the
ux, Jpn, of speciesn; that exhibits chemotactic movemert in responseto chemical
speciesc by
o= irni+ g(ginr g

Thecoecient j isthe chemotacticsensitivity function. In general,it canbe either
positive or negative, with positive j correspnding to attractive chemotaxis, and
negative j to repellert chemotaxis. This sensitivity function is typically assumed
to be linear in the cellular species[11, 17, 9] giving rise to an advective term. We

usethis here,and we further assumethat  is of the form

0nRn.
TR

G

which re ects the sensitivity to the relative gradiert as stated in A2. The operator

= const

i (G;ni) =

r is the standard gradiert operator as we assumethat the processoccursin some
boundeddomain that may be a subsetof R, R?, or R3. Somespeci ¢ choicesof
the domain will be discussedater.

Using the chemotactic ux term and the given assumptionsA1.{A7. we obtain
the following systemof equationsgoverning the state of the systemat the time t > 0

and the position x 2 :
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The motility coe cients ; and , candependon the concertrations of the chemical
speciesas well as position. The diusion coecients 3, 1, », and 3 canin gen-
eral depend on position. The parametersd; and d, that appearin equations(4.16),
(4.17), and (4.18) are the death (or corruption) rates of immune cells and SMCs,
respectively. For simplicity, we have not explicitly denotedany functional depen-
denceof these parameterson any variables. Howewer, we could easily allow them
to depend on other variablesin the system. For example,d; could depend on c;
if it is obsened that the rate of corversion of macrophagesnto foam cells varies
signi cantly with oxLDL concenration. The consumption of debris, or growth of
debrisin the diseasecase,is inherert in the term f,(c3) which can changesigns. If
the concerration of oxLDL is small, say belov somethreshold value, then f, > 0
which correspndsto healthy immune function. In this case,the concenration of
debris is decreasedas immune cells degradedying cells and keepthe tissue free of
foreign agerts. Oncethe level of oxXLDL exceedghe threshold level, the function f ,
can becomenegative. This term in equation (4.18) is then a growth term re ecting

the cessationof normal immune responseand the progressionof plaque formation.
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Both production and consumption appear explicitly in the equation for the
chemo-attractart. The two consumption terms, one correspnding to ead of im-
mune cellsand SMCs, appearbecausave assumehat upon respondingto a chemical
signala cellindicatesits responseby consumingor otherwiseneutralizing a chemical
particle. The production of chemo-attractart is in responseto the concerration of
debris, although the exact medanism of this production is not speci ed in equa-
tion (4.19).

The last two equationsre ect the corversionof native LDL into oxidized LDL.
The parameter R is the concenration of free-radical. We have taken it to be a
constart, howeer, it could be considereda time dependert variable asis the case
in [2]. Native LDL is corverted into oxidized LDL at a constart rate k per unit
of radicals and per unit of native LDL, where we simplify this corversionto occur
in a single chemical step. Accourting for a six (or more) step corversion process
imposesno additional dicult y and is omitted here so as not to obscurethe more

saliert featuresof the current model.

Boundary and initial conditions

To complete the description of the model and in order to obtain a well-posed
mathematical problem it remainsto specify the domain of interest and to impose
boundary and initial conditions on eat of the species. In the results that appear
in the following sectionsherein, we consider R? as a thin annulus of inner
radius r; and outer radiusr,. Let ; denotethe inner boundary and , the outer
boundary of . Then we consideread of the dependen variablesto depend on
the polar-cylindrical coordinates (r; ) sothat r = r; andr = r, on ; and »,

respectively. Moreover, we let  represen the intima sothat ; correspndsto the
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interface betweenthe blood stream (r < r;) and the intima (ry < r < r,), whereas
> correspndsto the interface betweenthe intima and the media(r > r5).
First, we assumethat the solution is 2 -periodic in . Then, we suggestthe

following boundary conditionson ; and »:

9
%: i(chH(ct  ¢y); %:0; %ZO;E
§ X 2 1, t>0
S TR )
9
%:0, %= 20ic)H(cr ¢ ); %=0,§
3 X2 , t>0
@ — @ — @3 — ;
@ ! @ ! @

Throughout, ” represets the outward unit normal. The term H that appearsin
the conditionson n; at ; and n, at , is the Heaviside step that is one when
its argumern is positive and zero otherwise. We also introduce threshold values
for chemo-attractart ¢, and ¢, . The condition on n; at ; then sas that if the
concetration of chemo-attractart at the boundary is below the threshold value
(c; ¢ < 0) there is no tendency for cellsto passthrough into (or out of) the
intima. Howewer, whenthe threshold concertration of chemo-attractart is exceeded
(¢ ¢ > 0) thereis an inux of immune cellsinto the intima at a rate ; that
dependson the concertration of chemo-attractart. There is an analogouscondition
on the SMCs at the outer boundary ,, because , is the boundary betweenthe
intima and the mediawhich is composedof SMCsin an extra cellular matrix. There
areat leasttwo phenotypesof SMCs: a quiesceh phasetypical of cellsin a structural
function asin the media, and a synthetic phasein which cells are more likely to

migrate [22]. Sincea phasechangemost likely occurs prior to SMC migration, we



68

assumethat the threshold valuesof chemo-attractart are sud that ¢, < ¢, . For
the xed boundary problem descriked here,the homogeneousNeumann conditions
imposedon n;, nz, and ¢c; on the inner boundary and on nq, n3, ¢, G, and Cs
on the outer boundary represets the inability of thesespeciesto passthrough the
respective boundaries. The no ux condition on the chemo-attractart ¢, imposed
on the inner boundary is intended to capture the e ect of the blood ow through
the lumen. That is, thereis a corvectiondueto uid ow in the axial direction, and
we assumehat the velocity of ow is su cien tly largeto resultin a nearzero ux of
chemo-attractart into or out of the domain of interest (from the lumen). Weimpose
a constart in ux condition on LDL from the blood (through ;) as per the rst

assumptionAl. Here,we assumethat is a time averagevalue of the rate of LDL

migration into the subendotheliallayer. However, we note herethat the generalform
of this boundary condition is readily modi ed to accourt for the onsetor absenceof
endothelialdysfunction by allowing to dependon appropriate parameters.Finally,

we assumethat someinitial data is given: n;(x;0) = n2(x); ¢(x;0) = 2(x);i =

12,3, x 2 .

Numerical investigations

In order to investigate the featuresof the proposedmodel, we considerin this
sectionsimpli cations of the system(4.16){(4.21) obtained by consideringa constart
level of LDL and oxLDL that is su cien tly high to correspnd to a diseasedstate.

In this rst study, we further ignore the participation of smaooth musclein the

diseaseprocess. We make use of the Finite Elemert Method (FEM, i.e. Galerkin
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method) padkageFEMLAB € to numerically study the reducedsystemof equations

@Il 2 0 ni
— = — 4.22
@ il "Ny 11l Clr ] ( )
@s _ af 2ng+ dnyns (4.23)
@
1 _ 2
— = r “c ni+ n 4.24
@ 1 1 1t 3 ( )
for x2 ; t> 0,with boundary and initial conditions
8
2 &= He o) x2 5 F=0x2,
(B-C-)§ @:=0 x2 ;; Z=0 x2 ,
' @ =0 x2 3, &=0x2 ,
8
% nd(x) = 1exp( Qujr1  kxkgj)
(I.C.)§ nd(x) = sexp( Qxkxo xki)

ci(x)

3

The initial conditions can be interpreted as follows: At the interface betweenthe
lumen and the intima, there is a small ( ; << 1; Q; >> 1), radially symmetric
concetration of immune cells. We "seed" the intima with asmall ( , << 1; Q, >>
1) concenration of debrisat an arbitrarily xed point X within the intima. And,

we assumea small ( 3 << 1), uniform distribution of chemo-attractart.

Table 4.2: Parameter Values

1 0:5 11 10| , 01 | Q: 10
3 0:005| d 5 2 01 | Q 25
1 0:1 1 05| 3 001 | ry 0:8
C 0:1 10 1 5 r 1.0




70

The system (4.22){(4.24) was solved numerically using the valuesin table 4.2
until the solution becameunbounded. The mesh consistedof 1648 elemens, 933
nodes,and 220 boundary elemens. We note herethat the valuesin table 4.2 were
assignedad hoc sothat the assumptionsA1.{A6. would be qualitativ ely satis ed.
Sincethis systemisintendedto correspndto adiseasedtate with mitigating factors
ignored, we expectedthis simpler systemwould capture two primary featuresof the

diseaseprocess{namelylocalization and aggregation.



Figure 4.8: Lesionwith Smooth Muscle Cell Cap
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App endix A

Linear Chemical Reactions

There are se\eral ways that one can translate a chemical schematic into math-
ematical equations. The most commonassumptionis that the reactionsare linear
in the reactarts. Here, | think it most instructive to explain this by going through
atypical (albeit ctitious) example.But rst a few words about notation.

In the literature, particularly when composedby chemists, a given chemical
speciesis denoteddi erently whenit appearsin a chemical schematic than whenit
appearsin a di erential equation. For example,supposethat the reaction involves
the polymerization of methyl methacrylate. In the chemical schematic, this might
be assigneda variable A (A + B! C) which is a symbol that denotesthat methyl
methacrylate is one of the reactarts but that has no notion of dimension assi-
ated with it. When translated into a mathematical equation, chemistswill typically
denote the concenration of methyl methacrylate, which would have speci ed di-
mensionsof Moles/Liter or perhapsmicro Moles/Liter, by the related variable [A]
Thus the mathematical expressiorwould look somethinglike

diA] _

= MAIBY:
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| nd this bracket notation somewhatcumbersomeand unnecessaryFor this reason,
| prefer to use the same character or variable to denote a given speciesin both
the chemicalsthematic and the corresppnding mathematical equations. This should
causeno confusionaslong asit is understood that a symbol appearingin a chemical
equation simply represen the reactart that participates in the reaction while the
samesymbol in a mathematical cortext denote the actual concenration of that
species.Finally, I think it is helpful to point out that the symbol "+" appearingin
a chemical equation should not be thought of asaddition in the senseof addition of
real numbers. Instead, the statemert A+ B! C should be read as"the speciesA
reactswith the speciesB to producethe speciesC".

Now, for our examplelets considera simple two step reaction involving three
specieswe'll call A, B, and C. Supposethat speciesA decompmsesto produce B
with a reaction rate k;, and then speciesA reacts with speciesB to produce the

nal product C with a reaction rate k,!!. The chemical schematic is
A " B (A1)
A+B % C (A.2)
Wewarnt to write the correspnding di erential equationsfor the time rate of change

of ead of the species. Beginning with A, we seethat in (A.1) the conceiration

of A is being decreased.We can read this as"A is being decreasedat a rate k;

1The reaction rates may be constart or may depend on other variable inherert in the process
such asthe concenration of the chemical speciesor the temperature of the system. But, the exact
form of the reaction rates doesnot changethe transition from chemicalto mathematical equations
demonstrated here. We do however assume(given the direction of the arrows) that these are

positive.
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proportional to A". Sothat there should be a term
kiA

onthe right hand sideof the equationfor dA=dt. Here,the negative signis becauseA
is beingdeplete(it is onthe left of (A.1)), and we read what speciesthis depletionis
proportional to o of the left hand side of the chemical equationwith the coe cien t
of proportionality given by the reaction rate. But, we are not done becauseA also
appearsin (A.2). Hereagainthe speciesis being depletedsinceit is on the left side
of (A.2); we seethat is being depletedat a rate of k,. Sinceboth A and B appear
on the left here,we say that "A is being depletedat a rate k, jointly proportional

to A and B". The correspnding mathematical term is
szB .

Thesebeing the only two occurrencesof A in the sdhematic, we can say that

dA
a9 kKiA  k,AB:

If we considerspeciesB we note that it also appearsin both (A.1) and (A.2) so
that the right hand side should again have two terms. We can say that from (A.1)
B is increasingat a rate k; proportional to A'?, and from (A.2) B is decreasingat
a rate k, jointly proportional to A and B. Hence,

dB
9 kiA  Kk,AB:

Finally, C only appearsin the secondequation. We have that C is increasingat a
rate k, jointly proportional to A and B sothat

dC
— = k,AB:
dt ~ 2

12Remenber, what speciesthe reaction is proportional to is always read o of the left.
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This completesthe example.

Of course,to have a solvable mathematical problem we would have to know the
nature of the reactionrates (e.g. arethey constart), we would alsoneedinformation
about the initial concetration of speciesA (why not B and C?), and so forth. |
encouragethe readerto look badk at the chemical schematic in assumption (iii) of
section 2.1 and corvince yourselfthat the growth terms Q(), Q(), and Q© that

appear in equations(2.3), (2.4), and (2.5) are correct.



App endix B

Bachmann-Landau Order Symbols

We often areinterestedin understandinghow certain functions behavein limiting
situations sut as when a variable or parameter becomesvery large or very small.
Oneideais the that of a limit

)I(i!mcf x)=1L
which givesinformation about a function separatefrom any other functions or pa-
rameters(f behaveslikethe numberL asx tendsto the number c). But we may also
be interestedin how a given function behavesrelative to another function as a pa-
rameter approatiessomelimiting value. Bachmann rst introducedthe "Oh" order
notation in 1894to descrike this relative behavior. This notation was popularized
by Landau (1909) and is the topic of this appendix.

There are two order symbols that we de ne O (big "oh") and o (little "oh").

De nition B.0.1 (Big Oh) We saythat f is bigoh of as tendsto o from
aloveandwrite f = O( ) as &  providel there exist constantsk and ; that are

independentof suchthat

j#ON ki ()j whenever o< < g

80



81

De nition B.0.2 We saythat f is little oh of as tendsto o from above and
write f = o( ) as & o if for every > 0 there existsa numker , independentof
suchthat

if ()] j ()j whenever o< < 5

These formal de nitions might seemcomplicated, however the conceptsare

rather simple. In lessformal terminology we would write f = O( ) as !
wheneer
. f()
lim —=
Po ()
existsand is bounded. Wewould write f = o( ) as ! ( whenewer
lim & =0

That is to say, big ohindicatesthat f and goto zeroat about the samerate when

I o and little oh indicatesthat f goesto zerofasterthan when ! . Also,
the order notation is typically usedto descrite what happenswhen a parameter (
in the de nitions above) tends either to zeroor to in nit .

We concludeherewith a few examplesto help clarify the concept.

l.Letf()=2sin()and ()= .Thenf =0O( )as ! 0because

jim T = iy 2800)

ro () 10

The limit existsand the limit, 2, is certainly bounded.

2:

2. Let f (x) = x2andg(x) = x + P% Thent = o(g) asx! O because

Iimm-lim—p—xz - 0
xtog(x) xox+ ' X
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3.Leth()=e andp( )= " wheren is a nonpositive real number. Then

h=o(p) as ! 1 because
im MO i e = o
11 11

Which holds for any value of n 0. Sometimesa function with this type
of limiting behavior, sud as being little oh of all power functions, is called

exmnentially or transendentaly small.

. Supposethat f = o(g) asx ! X for somefunctions f and g. Then we can

alsosay that f = O(g). This holds since

lim 1:—:O
x!xog

the limit existsand is bounded.



